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ABSTRACT 
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prospective elementary school teachers (PSTs) . Each unit is written 
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an eye toward application of that mathematics in the elementary 
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introduction to the unit, the text has sections on integers in the 
elementary school, rational numbers in the elementary school, 
mathematics of the rational numbers, rational numbers as decimals,, 
the real number system, and appendices that cover self-test answers, 
the properties of niimber systems, and skill builder exercises. 
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PREFACE 



The Mathematics -Methods Program (MMP) has been developed by the 

Indiana University Mathematics Education Development Center (MEDC) ^ 

during the years 1971-75. The development of the MMP was funded by 

the UPSTEP program of the National Science Foundation, nth the goal 

• • • £ *^ 
of producing an innovative program for the mathematics training of 

prospective elementary school Ifceachers (PSTs). 

The primary features of the MMP are: 

• It combines the mathematics training and the methods training of 
PSTs. , 

^fc, • It promotes a hands-on; laboratory approach to teaching in which 
S PSJs learn mathematics and methods by doing rather than by {lis- 
tening, taking notes or memorizing. 

• It involves the PST in using techniques and materials that are 
jappropriate for use with children. 

• It focuses on the real -world mathematical concerns of children 
and the real -world mathematical and pedagogical concerns of 
PSTs. 

The MMP, as developed at the MEDC, involves a university class- 
room component and a related publi^ school teaching component. The 
university classroom component combines the mathematics content 
courses and methods courses normally taken by PSTs, while the public 
school teaching component provides the PST with a chance to gain ex- 
perience with children and insight into their mathematical thinking. 
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A model has been developed for the Implementation of the public 
school teaching component of the MMP. Matierials h^ive been developed 
for the university classroom portion of the MMP, These include 12 
instructional units with the following titles: 

Numeration 

Addition and Subtraction ' ^ 

Multiplica^.ion and Division ^ 
Rational Numbers with Integers and ReaVs 
Awareness Geometry. 
Transformational Geometry 
Analysis of Shapes 
♦ Measurement 
Number Theory 
Probability and Statistics 
Graphs: the Picturing of Information 
Experiences in Problem Solving 

These units are written in an activity formatvthat involves the PST 
in doing mathematics with an eye toward the application of that math- 
ematics in the elementary school. The units are almost entirely in- 
dependent of one another, and any selection of them can be done, in 
any order." It is worth noting that the first four units listed per- 
tain to the basic number work in the elementary school; the second 
four to the geometry of the elementary school; and the finals four to 
matf(ematical topics for the elementary.Jteacher. 

For purposes of formative evaluation and dissemination, the MMP 
has been field-tested at over 40 colleges and universities. The 
field implementation formats have varied widely. They include the 
following: 

Use in mathematics department as the mathematics content pro- 
gram, or as a portion of that program; 

• Use in the education school as the methods program, or as a por 
tion of that program, 

• Combined mathematics content and methods program taught in 

vi 
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either the mathematics department, or the education school, or 
jointly; 

• Any of the above, with or without the public school teaching ex- 
perience. 

Common to most of the field implementations was a small-group 
format for the university classroom experience and an emphasis on the 
use of concrete materials. The various centers that have implemented 
all or part of the MMP have made a number of suggestions for change, 
many of which are reflected in the final form of the program. It is 
fair to say that there has been a general feeling of satisfaction 
with, and enthusiasm for, MMP from those who have been involved in 
field-testing. 

A list of the field-test centers of the MMP is as follows: 



ALVIN JUNIOR COLLEGE 
Alvin, Texas 

BLUE MOUNTAIN COMMUNITY COLLEGE 
Pendleton, Oregon 

aOISE STATE UNIVERSITY' 
Boise", Idaho 

BRIDGEWATER COLLEGE 
Bridgewater, Virginia 

CALIFORNIA STATE UNIVERSITY, 
CHICO ^ . . 

CALIFORNIA STAtE UNIVERSITY, 
NORTHRIDGE 

CLARKE COLLEGE 
Dubuque, Iowa 

UNIVERSITY OF COLORADO 
Boulder, Colorado 

UNIVERSITY OF COLORADO AT 
DENVER 

CONCORDIA TEACHERS COLLEGE 
River Forest, Illinois 



GRAMBLING STATE UNIVERSITY 
Grambling, Louisiana 

ILLINOIS STATE UNIVERSITY' 
Normal, Illinois 



INDIANA STATE 
EVANSVILLE 



IIVERSITY 



INDIANA STATE UNIVERSITY 
Terre Haute, Indiana 

INDIANA UNIVERSITY 
Bloomington, Indiana 

INDIANA UNIVERSITY NORTHWEST 
Gary, Indiana 

, MACALESTER COLLEGE 
St. Paul , Minnesota 

UNIVERSITY OF MAINE AT FARMINGTON 

UNIVERSITY OF MAINE AT PORTLAND- 
GORHAM 

THE UNIVERSITY OF MANITOBA 
Winnipeg, Manitoba, CANADA 
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MICHIGAN STATE UNIVERSITY 
East Lansing, Michigan 

UNIVERSITY OF NORTHERN lOWA 
•^ei&r Falls, Iowa 

/northern MICHIGAN UNIVERSITY. 
'Marquette, Michigan 

NORTHWEST MISSOURI STATE 

UNIVERSITY 
Maryville, Missouri 

NORTHWESTERN UNIVERSITY 
Evanston, minois 

OAKLAND CITY COLLEGE 
Oakland City, Indiana 

■ UNIVERSITY OF OREGON 
Eugene, Oregon 

RHODE ISLAND COLLEGE 
Providence, Rjiode Island 

SAINT XAVIER COLLEGE 
Chicago, Illinois 

SAN DIEGO STATE UNIVERSITY 
San Diego, California 

SAN FRANCISCO STATE iJNIVERSITY 
San Francisco, California 



SHELBY STATE COMMUNITy COLLEGE 
Memphis, Tennessee 

UNIVERSITY OF SOUTHERN MISSISSIPPI 
Hattiesburg, Mississippi 

SYRACUSE UNIVERSITY 
Syracuse, New York 

TEXAS SOUTHERN UNIVERSITY 
Houston, Texas 

WALTERS STATE COMMUNITY COLLEGE 
Morris town, Tennessee 

WARTBURG COLLEGE 
Waverly, Iowa 

WESTERN MICHIGAN UNIVERSITV' 
Kalamazoo, Michigan * • 

WHITTIER. COLLEGE 
Whittier, California 

UNIVERSITY OF WISCONSIN— RIVER 
FALLS 

UNIVERSITY OF WISC0NSIN/STEVE"RS 
POINT 

THE UNIVERSITY OF WYOMING- 
Laramie, Wyoming 
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INTRODUCTION TO RATIONAL NUMBERS 
WITH INTEGERS AND REALS 



In this unit you will study three sets of. numbers. You are. familiar 
with these numbers either from ypur everyday Experiences orfrom your 
study of mathematics in elementary school and high school. In Sec- 
— tion, I you will study the set of numbers called the integers. The 
set of integers is comprised of ..... -4,\-3, -2, -1, 0, 1, 2, 3, 
4, ... You should recognize the nonnegatlve integers as the whole 
numbers . . - . 



-1 I 

I 

-S ! 



Sections II, III. and IV focus on the Study of rational numbers . The 
^t of rational numbers includes numbers SMch as the following: 



-,1. .2 



-0.5, 0, i, |, 3.72 



As you can see in the diagram on the next page, the set of rational 
numbers includes the set of integers, which in turn includes the set 
of whole numbers.' Rational numbers can be expressed in the form of 
fractions ([) or decimals (0.5). In Section H you will study ra- 
tional numbers expressjed as fractions. 
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Section II win also introduce some pedagogical procedures for de- 



veloping rational numbers with elementary school children. Section 
III develops some of the interesting and important mathematical 
ideas associated with rational numbers, and Section IV presents ra- 
tional numbers expressed as decimals. 

You are probably least familiar with the set of real numbers. 
Sections V presents a brief introduction to the ret of real numbers. 
.This set of numbers includes such numbers as -/f, -2, 0, v^, ir, 6^ . 
Note that the set of real numbers includes the set of rational s, 
which in turn includes the set of integers, which in turn includes 
the set of whole numbers. The real numbers also include the irra-. 
tional numbers. Irrational numbers are numbers that c^innot be ex- 
pressed in the form of ^ (where a and b are integers and 
b ^ 0), For example, the number is an irrational number^. 

At the end of the unit is an Appendix entitled "Properties of 
Number Systems,." This appendix reviews and summarizes the formal 
mathematical properties of the different number systems presented in 
the unit. " 

Children are informally aware of numbers others than whole num- 
bers at a veryiearly age. In a physical sense, they recognize and 
use such rational numbers as one-half and one-third. They also have 
experiences with Integers in playing games in which they go "in the 
hole,", or through experiences with temperatures below zero. 



The elementary school curriculum formalizes these experiences 
with numbers other than whole numbers. The order in which these sets 
of numbers are studied" in the -school is different from what wogld ' 
seem to be a mathematically logical order. A logical order based on 
the mathematical structure would be whole numbers, integers, rational 
numbers, and then real numbers. The order followed in the standard 
school curriculum is whole numbers, positive rational rjmb.ers, inte- 
gers, negative rational numbers, and real numbers. (Real numbers. are 
not usually introduced until grades 7-8.) Latec you will be asked 
to give reasons why the instructional or pedagogical sequence differs 
from the logical order. 
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-17.5 





/IT 



-Tt 



-rr 

• OlOOlOOOl 



As with other units of the Mathematics-Methods Program you are 
encouraged to collect activities from various sources to add to your 
notes for this unit. These activities can serve as a resource when, 
as a teacher, you will need to motivate, reinforce, or provide enrich- 
ment opportunities for children. 
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Section I 



INTEGERS IN THE ELEMENTARY SCHOOL 



In this section yo^ will have a chance to review your understanding 
and skin s with integers. At the same time, some suggestions v/ill be- 
provided for introducing the set of integers and the operations with 
integers to elementary school child^-en. 

Although" children have had informal experiences with integers 
outside of school , there is some difficulty in developing the opera- 
tions from physical embodiments. This difficulty is more apparent in 
the cases of developing multiplication and division. For example, in 
motivating the operations with whole numbers, several embodiments or 
represehtat Tbhs are read Hy avarTaBI e'. 2~)r^ can be eiiibodiecJ by Lwo 
sets of three objects each, or can be represented pictorially by the 
array HI with two rows, each containing three objects. How 
does one motivate -2 x -3? Or -12 v 4? We must rely more on pat- 
terns or other mathematical relationships to develop these skills 
with children. 

This section begins with an "Overview and Summary of Rational 
Numbers with Integers and Reals." Following the, overview, the activ- 
ities focus on the nature of integers and operations with integers. 

MAJOR QUESTIONS 

1. a) a + ^1 = c (a, b and c integers) 

For what values of a and b will c be negative? posi- 
tive? - 



b) a X b = c (a, b and c integers) 

For what values of a and b will c be negative? posi- 
tive? 

The operations with integers are more difficult to teach to 
children than are operations with whole numbers. Why are they 
more difficult? What special steps can a teacher take to help 
a child understand the operations with integers? 

Give examples of concepts or techniques that you think would be 
well presented to children by means of a physical embodiment, a 
pictorial representation, and a mathematical relationship. For 
each concept or technique, indicate how you v/ould present it to 
children. 

What prr^jerties hold for the set of integers and not for the set 
of whole numbers? Give examples. 



ACTIVITY 1 

S)yERVIEW AND SUMMARY OF RATIONAL NUMBERS WITH INTEGERS AND REALS 



FOCUS: 

This activity will provide an overview and summary of the concepts to 
be discussed in this unit. Specifically, each of the sets of numbers 
to be discussed in this unit (the integers, the rational numbers, and 
the reaV numbers) wiTT WTescr niim^ 
bers in the elementary school mathematics program will be outlined. 
You should not expect to learn new concepts. You should, instead, 
expect to gain a perspective on the content of this unit and on how 
it appears in the elementary curriculum. 

MATERIALS: . 

(Optional) The Mathematics Methods Program slide-tape, "Overview of 
Rational Numbers with Integers and Reals." 

DIRECTIONS: " S 
1. Consider the following questions in preparation for doing (2) or 
(3). 

a) What real -world situations can be used to motivate the inte- 
* gers, rational numbers, and real numbers? 

b) What are the interrelationships between the set oi rational 
numbers, the set of integers, and the set of real numbers? 

c) Which -form, fraction or decimal , is more efficient for each 
furiclamental operation with the set of rational numbers? 

d) How do you convert a rational number in fraction form to one 
in decimal form? 

e) How do you know that irrational numbers exist? 



View the slide-tape "Overview of Rational Numbers with Integers 
and Reals," and then briefly discuss each of the questions in 

(1). 

Read the following "Rational Numbers with Integers and Reals— 
An Overview of Their Occurrence in the Elementary School," and 
then briefly discuss each of the questions in (1). 
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RATIONAL NUMBERS WITH INTEGERS AND REALS- 
AN OVERVIEW OF THEIR OCCURRENCE IN THE ELEMENTARY SCHOOL 



Basic Terminology 

In the elementary school mathematics pro- 




gram, mnrh t imp and, attentio n a re spent 

developing whole numbers. Children learn 
to ten "how many," to add, to subtract, 
to multiply, and to divide-, using whole 
numbers. Whole numbers are used to help 
children interpret their world. There 
are, however, real -world situations where 
the child needs other kinds of numbers to explain a physical situa- 
tion. One of these is the measurement of temperature on a cold day. 

Another situation, a four-yard loss in football, might be repre 
sented by the number, called an integer , "negative four" (-4). A 
gain of yardage might be represented by an integer like "positive 
three" (+3). Some situations suggest negative integers, others posi 
tive integers. 
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Children In the elementary school learn about integers through 
informal experiences. Often the integers are introduced using a pic- 
torial representation such as the number line , 

HfiSATlVS POSITIVE 

H 1 ¥ 1 1 1 1— 

^4 «5 -2 -1 O *1 -^2 +3 



The whole numbers, together with the negatives of whole numbers, 
are called the integers. The -study of the integers is more formally 
'treated in junior high school. 

Another set of numbers that is introduced in the elementary 
school is the set of rational numbers . Before continuing with the 
overview, it may be helpful to quickly review some terminology that 
is used with the set of rational numbers. The term "rational number" 
is used to refer to an abstraction , e.g., "halfness," as opposed to 
th> symbols or numeral s (|, |, 0.5, etc.) used to represent the 
rational numbers. 

Rational numbers may be expres^sed in two forms. One form is the 
fraction form. Thus, -bJ-' h h ^"^ 4^^® fractions that repre- 
sent rational numbers. Another form of representing rational numbers 
is the decimal form. Thus, the same rational numbers given above can 
be expressed' as -5.25, 0.5, 0.75, 2.33. As you study the overviev/, 
these various terms, "rational numbers," "fractions," and "decimals," 
will be used with the meanings just described. 

Introducing the Rational Numbers— The Situations 
Children's study of rational numbers begins with informal experiences 
based on real -world situations. The development of rational numbers 
receives considerable time and attention in the elementary school . 
This development includes the following phases: 
1. Introducing rational numbers by using appropriate models, 
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2. Equivalent fractions, 

3. Operations with fractions, 

4. Operations with decimals. 




The introduction of rational numbers is based on the child's ex- 
perience with fractional parts. For example, suppose a friend in- , 
vites David to have a piece of his candy bar. The language used to 
describe his portion should develop naturally from the child's lan- 
guage to mathematical language. In this case, it is possible to use 
a pair of whole numbers to express the amount of candy David is tak- 
ing: "one piece of two equal pieces." Another way of expressing the 
amount that David has taken is to say "He has taken one-half of the 
candy bar." Later, David will express this amount, one-half, as the 
fraction i. 



OUT 0? 
TWO PIBCifiS 



This illustration suggests some other examples of situations in 
which thie elementary school child may have encountered fractions. As 
with other mathematical ideas, children's study of rational numbers 
should begin with and develop from experiences that he or she brings 
to the classroom. 




Introducing Rational Numbers— The Models 

The introduction of rational numbers should include several models or 
pictorial representations to assist the child in forming fundamental 
concepts. One model commonly used is the region . In this example, 
the child might be asked how much of the total region has been shad- 
ed. Although the answer could be given as two out of three equal 
parts, the standard terminology, two-thirds, can be developed easily. 



V ■ 












■ 
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A second model is the set model. Here the question might be, "What 
part of the total number of objects is black?" "What fractional part 
is-5black?" . . 

SST-MO^aU 
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:A-thfrd-iTiodeV qsed to Represent ratianal numbers is the number line . 



The number lin4 shown here is commonly used to introduce the chill to 

{ - y 

equivalent fractions, as well as to the operations/ of addition and 
subtraction. 
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2. 
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The Concept of Equivalent Fractions 

After the child has had some experiences recognizing and finding ra- 
tioinal njjmbers associated with the region, set, or number line mod- 
els, the development of equivalent fractions is begun. 

mo TOOK MORS? 
MliEV . VANS 
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The concept of equivalent fractions is fundamental to the rest of the 
development of rational numbers, and this concept should be presented 
with care. Through careful use of models, the child can see that j 
of the cake is equivalent to-|. Some models liaye been presented for 
introducing rational number£. These same models are used in develop- 
ing the concept of equivalent fractions— fractions that name the same 
rational number . A presentation Qf some methods us*ed \Mith children 
in developing equivalent fractions follows. , ^ 

One way of introducing equivalent fractions is to begin by using 
the region model. To find fractions equivalent to one-half, the 
child begins by shading one of the two parts shown here. 











f J ' ■> / / 













1 OF !2i 
1 

"2 



Through paper-folding or dividing the region into four equal parts, 
the cftfid can become convinced that two-fourths is the same as one- 
half. ' 



..... . .. 



























a OF ^ 
^ -1 



Similarly, the original regipn could be folded or divided into six 
equal parts. This model will encourage the child to see that three- 
sixths is the same as two-fourths, which is the same as One-half. In 
this way, a child can generate an endless set of equivalents-frac- 
tions. 

% OF 6 
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Fraction bars, a variation on the number line model, are also 
|used for determining equivalent fractions. To find those fractions 
equivalent to y, the child can compare other fractional ^parts of a 
whole which are equivalent to L Here we can see that 3 is equiva- 

2 3 * * 

lent to ^ and g* 



JL 
3 

3. 
f 




1 — 2 

3* — - 9 



After the informal development, a more formlal approach^to devel- 
oping equivalent fractions, using multiplication of whole numbers^ 
can be introduced. 




The child is encouraged to discover^ that the way to find an equiva- 
lent, fraction is to multiply the numerator and denominator by the 
same number. 

A whole set of equivalent 
fractions can be generated, each of 
which represents the shaded portion 
of the cir^cle shown hare. 




15 



25 



Developing the Operations with Fractions 

The development of the operations with fractions is based on the mod- 
el s'. presented in the child's introduction to rational .numbers and the 
study of equivalent fractions. The operations with fractions are 
presented usin^ physical embodiments or pictorial representations 
when a.PP>^opriate. 

The development of addition and subtraction of rationaljruimbers 
begins with examples in which the denominators are equal (lefthapd 
picture). The representation used to aid in the solution of this *- 
problem might be the number line, the region, or the set. 

V 



dfiWNAT0R5 





45^5 45 



Later, rational numbers with unequal denominators are introduced. In 

the subtraction problem in the righthand picture, the child found 

8 1 

fractions equivalent to g and g- with the same, denominator, and then 
subtracted. - 

The region model is often used in the development of multiplied- 

2 3 * 

tion of fractions. The example y x ^ is illustrated by first consid- 

'3 

ering the!t region associated with ^ of the total rectangle. Of ten. the 

2 3. "23" 
child is encouraged to think' of j x ^ as meaning j of ^. Using 

2 

this Interpretation, -k of the rectangle is shaded. The resulting di- 
visions of the rectangle into thirds and fourths form 12 equal units. 
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This- pictorial representation shows that j |- results in having six_ 
of the 12 equal units shaded. This representation gives insight into 



the multiplication example of: 





Division with fractions presents some di.ff icul tyrin. that it is not 
_£aso/:^tD_ Identify a physical embodiment 
or pictorial repines entati on -that seems 
helpful. Although several approaches 
: can be used, ma/iy teachers find that 
it is best tg rely on the inverse re- 
lationship between multiplication and 
.division. In writing a^ivision sen- 
tence as a multiplication sentence, 
one uses' the reciprocal (or inverse) 



af the divisor. Thus, since j is the 
reciprocal of 3, the division sentence 
12 f 3 = 4 e&n be written as 
12 X 1=4.- , 



( RS&IPROCW, CIN^ 



ClNYEKSfi) 




. OB5BRVE TOS PATTeRN 
P1V15ION MULTIPLJCftTION- 

IZ. 3 ^D-^-^ia X i «□ 



Children initially become confident of this procedure by using 
simple examples and observing patterns. Later, whesn they have gained 
greater sophistication with arithmetic manipulations, they can verify 
this procedure using more complicated mathematical arguments. 

Rational Numbers Expressed as Decimals 

Children's study of rational numbers expressed as decimals follows 
their study of the operations with fractions. With the wider usage 
of the metric system, which uses decimal notation, the emphasis on 
decimal study may increa:*.. 

Decimals are used to represent rational numbers. Decimal nota- 
tion is also consistent with the child's earlier study of place value 
with whole numbers. The symmetry of the decimal numeration system is 
studied as the children learn to read and to write decimals. 
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^'Skill in writing decimals as fractions, and vice versa, is de- 
veloped. Some interesting insights into rational numbers can be ac- 
quired in this conversion process. 

Operations with decimals are based upon understanding of the 
numeration system and upon operations' with whole numbers and with 
fractions. The operations with decimals are informally begun in the 
primary grades with situations involving money, but are not formally 
developed until the intermediate and middle grades. 

In the-^intermediate or middle grades, children discover that 
there are three types of decimals: 

1. Terminating decimals, that is, decimals which have art ending, 
such as' 0.5, 0.75, 0.375, and so on; 

2. Repeating decimals, that is, decimals which go on forever, but 
in which a single digit or sequence of digits keeps repeating. 
Examples are 0.33, 0.3131, 0.173173. The bar over the digits 
indicates the digits that are repeated indefinitely. 

3. Nonrepeating decimals, that is, decimals which go on forever, 
but which are not formed by repeating a single sequence of dig- 
its. For example, the decimal 0.1010010001... is not formed by 
repeating a single sequence of digits. 

A Glimpse at the Irrational Numbers 

While both terminating and repeating decimals represent rational num 
bers, decimals which are nonrepeating do not represent rational num- 
bers. These decimals represent a different kind' of number called an 
irrational number . 

Children in the elementary school do not formally study the ir- 
rational numbers, but they do encounter such irrational ' numbers as 

pi (ir) and ^ ^ ^ 

SOME IRRATIONAL NUMBERS 
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The set of irrational numbers -forms part of the set of real num 
bers. In the diagram below, we see that the real numbers consist of 
the set of rational numbers and the set of irrational numbers. 
^ Further,. we are reminded th5t the integers are contained in the ra- 
tional s and contain the whole numbers. 




' This overview has presented the development of numbers as found 
in the eleftie^tary school. In addition to the whole numbers, children 
study integers and rational numbers*. The foundations for the real 
numbers are also carefully laid for the children's later mathematical 
study. 
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ACTIVITY 2 

INTRODUCING THREE RESOURCES FOR TEACHERS 



FOCUS: . 

In this activity you will be introduced to three resources that can 
be helpful in explaining mathematics to children: 

Physical Embodimerrts, 
Pictorial Representations, and 
Mathematical Relationships. 

Jhen you will have an o'pportunity to attempt to explain certain math- 
ematical statements involving integers and rational numbers, in order 
to gain some insights into the problems that you will face as a 
teacher. The remainder of the Rational Numbers with Integers and 
Reals unit will focus on helping you to learn to apply the three re- 
sources to these problems. ^ 

DISCUSSION: 

As a teacher, you will need all of the help that you can get in ex- 
plaining integers and rational numbers to children. Let us introduce 
you to three resources who will come to your aid in times of need. 




HEULO. 1% PriVSICAU EMCK>PIMENT5. 

I COM|V\UNICATE MAT^^eMATICAL lOEAS IN 
TERMS Cf ACTUAL PMVSICAl ^ftJEcTS. 
l^eMfM^ER, I AM THE ONE WHo 
JfcxPLAlNEP THE 5»TATeMeNT 2+3 

1 Joining A 5Et of T^NO 
\ MAI?Bl-e$ WiTrf A 5Et Of 
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15 A PRO^ieM... 




x+3 WA5 eA$y To 

eM&t>Py. 2.-3 AI^P 
V3 X Vz. ARC IVAUCVA 
HAIZP^R... ll^flA^T, 
I MAY eVBN GET IM 
Thle WAY Wt\eN 
TeAC^INO CEKTMN 

1P^A5. -So I 

NEEP KleuP 

FI2DM NAY 




m NAME IS Pictorial representatioi 

Sometimes i picture, what 

PHYSICAL EM&0P1MENT5 KepRE5^NT5 
PHy5ICAULY. I MAKe IT 

effofzrs TO ^E. y \V-\ _ 

IULU4TKAT0P 
ON PAPEf? 



IN6TW of t>trS Of TWO /V\A(^e>UE$ 
AND ThlRE^ MAPeuE^-, X |LLU5.TKATe 
"^Z + a VNliTKt A PiCTvJIie. 
TME PICTURE PgOVIP^ 

"^A TRANSMIT ION 6eTviee n 
Ti-ie Five concrete. 

MARB'LE^ ANP Tt4e ■ 
A&5TRACT EXPKE^SIOI^ 




Z+3... 
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Trie NUMe'eR uiwe awp Pie 

PiCtVReS AKE TOOLS TriAT 
1 U$e IW RATIOMAL 




aur (N ceRTAiw situations, 
t)Ocrt AS Trte pivi^iors/ of 
Rat(on/al NuM&eR5, wHe*?e 
MY rooL^ A^e fiAoize 
CotAPucpaet? T^IA^/ Ti^£ 
C0MCE"PT5 TWEM5ELVK, 
X P^FgR TO MV 

F(?ie(v/p. 

MMH^MATldlAU 
f?et.ATI0|v/SKlP5. 




X AIA KIND OF THg 666 riHAP OFOU*^ C«OWP. MY fIZieNQS 

CALL M£ MATHEMATICAL RELATIONSHIPS. 

I HAVE TO &E USEP 5PARIN&LV WlT»4 CMlUPl^eN SlMCE- 
MV WARES TEMP TO &e Ae>t»TP7\CT. 

THERE APE , However., ^ome 

CiRCUfASTANCES IN WHICH I 
AM VOOR /V\OST REASONABLE 
K&SOURCE. I'U 6lVgV0U 
-^OME EXAMPLES. 





TO e:xplain wHv (-3)x(-i) equals 

3, ISN'T iT met To NOTE 
THE PATTERN 5H0WN HERE 
AhfP^ TH£ N TD^ArriTAT 

^ir4ce EACH 'STePAPP5 

3 To TME ANSWER 
|r4^^l£ PREVIOUS 
6TBP, IT IS 
REASONABLE To 
AS6VJN\E Tv^/STTUE 
ANSVMER 15 3 . 



(-3V( 0 «-3 
(.3)(ol » 0 

f-3)(-l) » ? 
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I WIUU AL$0 CALL VW 

/NlveR5E5 ANP THE LlKEV 
To MAKE 5eN5g OuTOF^ 
$OMe ComFLBX^ 
-^iTUATiON^. 




^^|lT^^ GrtlUPREM 1AM A 
NE^.e^$ARV 0\^/L. WITM 
APVJUTSX AM A AI\A\N 
$.O0RCE OP Trie PoWeK OP 

MATMe AAATic$» , 60 r\\^fze 

|5»^0N\e VALUE INI ^ 

AM EARLY 6TART^ 
\/y/»Th4 M'E:, 



A5 A LeARMER.THEM AS A 
TEACKiER VOU WIUL 

APlE To pkaw on Trie. 

THRee OF us 

V 




WIUU REMIMD VOO Of OUR 
fKE5ENCe IN AN ACTiVlTV 

OR Le5^0M e»y osin6 




MERE 15 fAY 
-SVMeoLy- 




Tl4l6 VVILU MAKt 

PICTORIAL^ ^ 
l^ePRESENTATlONS 




Tt4lS>NlLU6TAND 
FOJZ. 

MATi4E|VlATlCAU 
ReuATioNSHlPS. 
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DIRECTIONS: 

'^In the tasks that follow, you may experience some frustration. You 
should, however, gain insights into some of the problems' that our 
three resource friends face as they attempt to help you teach chil- 
dren. 

1. Consider the statement 8-5=3. What physical or real-world 
embodiments of the statement could you give to a young child? 

2. Now consider 5 - 8 = -3. What embodiments or representations 
could you give a child for this statement? (You may want to 
work with the number line, or with credits and debits.) 

3. Shifting your attention to noninteger rational numbers, consider 

3 

the following question. How would you relate the symbol ^ to a 
child's real world? 

1 3 

Comment : We could raise further questions concerning 2^4°^ 
-i ^ |-, but our point should already be m^de. 

Throughout the remainder of the unit we will call upon the three re- 
sources (Physical Embodimehts, Pictorial Representations, and Mathe- 
matical.,Relationships). It may sometimes appear that you are jumping 
-frorrohFiiode of explaining to another. This is because we are at- 
tempting to provide you with the full power that each of the re- 
sources can bring to you, to prepare you for your role as a teacher. 
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ACTIVITY 3 

INTEGERS IN LIFE AND IN SCHOOL 



FOCUS: 

This activity focuses on instances of integers in the real world, on 
how integers are related to the whole numbers, and how and when they 
might be introduced to elementary school children. You should come 
away with no doubt in your mind as to. which numbers are integers. 

• DISCUSSION: 

Even though the initial number work in the elementary school is fo- 
cused on the whole numbers, children do use negative integers infor- 
mally in real -life situations. In games, children may develop the 
feeling that negative integers are the "opposite" of whole numbers. 
While their informal ideas may not match the illustrations below, 
very little effort is needed to formalize their experiences gradual- 
ly- , 

IntegerSa 

Negative Integers 0 Positive Integers 

. I I I I I I I I I I I I ' I ' ^ 

... -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 ... 



Whole Numbers 



iAere 15 or4e of AAV 

. UlNe 15 ONE OF THE AAp^T 
NATURAL \A/AVS of V »SUAUZl(^6 
• TME RELATIONSHIP BETvieeN 
NE6AT\\/E ANP POSITIVE 
INTE6EI2S. 




biRECTIONS: 

1. Discuss instaTices in the English language in which the word 
"negative!' is. used and what meaning it has in those instan^ces,- 
e.g., neqative attitude. ' i 

2. Make a list of examples in which negative integers are used in 
real -life .situations, e.g., temperature. 

3. The integers are often introduced in the elementary school by 
using a raised sign to indicate whether the number is positive 
or negative, for example, "7, ■''S. Even though thfe positive 
integers are 4;he same, as the whole numbers, on which we did not 
use a + sign, some mathematics educators feel that the use of 
raised signs helps children focus on the fact that integers in- 
clude both positive and negative integers (and zero), and not 
just the negative integers. The illustration below shows how 
such an introduction might be pictured. ^ 

Integers 

ill I I I I I 1^ I ' ^ 

-5 -4 -3 - -2 -1 0 +1 +^ • ■'3 +4+5 
Negative ' ' Positive 

Discuss this approach and cite the possible advantages and dis- 
advantages "that placing a raised sign on the nonzero integers 
. might have. 

4. A technique comnonTy employed in the elementary classroom is to 
illustrate relationships among sets' by using pictures called 
Venn diagrams . 

a) Venn diagrams are used on the following page to illustrate 
the relationship between the set of integers (I) and the set 
of whole numbers (W). Choose the Venn diagram that correct- 
ly illustrates that relationship. 
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b) Use Venn diagrams to show the relationship between: 

The set of even whole numbers (W^) and the set of whole 
numbers (W); " 

(2) The positive integers (I^) and the nonpositive integers 
(N); 

. (3) The multiples of 3, the multiples of 2, and the whole 
numbers. i 

At what grade level do children begin their study of Integers? 
Before looking In elementary texts, make a reasonable guess. 
Then refer to some elementary texts to check your guess. 



Topic 



Guess (Grade) textbook(Grade) 



Introduction to integers 






Addition of integers 






Subtraction of integers 






Multiplication of integers 




0 


Division of integers 







Why do you think that the study of .integers is delayed until 
later in the elementary school? 
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. A sequence is a set of numbers arranged in-soine order. Find the 
pattern in each of thQ following sequences and write the next* 
five terms. Such patterns can be fun, and they help to ^ 
strengthen familiarity with integers. 

♦ 

a) 2, -2. 0. 0. -2. 2. -4. 4, _. 

b) 2. 1. -1. -4, -8. -13. _. 

i) -7. -5. -1,.5, 13. 23* 35. _. _. _. _. _. ~ 

d) 0. -1, -1, -2. -3. -5. -8, _. _, _. 

Make a sequence of your own and see Whether a classmate can find 

the pattern. 

. There is one very natural, order that^is imposed on the integers. 
It extends" the "greater than" order on the set of whole numbers'. 
Pictorially. one can use the number line and say that a is 
greater than b' if a "is to the right of b on the number 
line.' ^ - ; 

. 11 I I I I I I I 1 I I I I I I I 1 I I » > 

-4.0 -3- 8 

^ a) Locate the following pairs X)> integers on the number linj^, 
,and for each pair circle the greater integer . 

i) -5 and 2 ' ii) -8 and 6 

iii) 8 and 3 iv) -1 and 1 

v) 0 and -6 vi) 0* and 18 

vii) -27 and -34 ^i ) -346 and -340 

b) Note that there is a m^hematical characterization of the 
natbral order on the whole numbers. That 
' ^^^^^-^^^ is, w6 say a is greater than b if a 

^sT \^ is a whole number. Would this characteriza- 

^^^F ' tion work for integers? Try°it on the pairs 

in part (a)\ If you can't handle the sub-^ 
traction of negative integers, hang on. Relief will c6m6 in 
Activity 5. ' , - 
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I, 4 

The negative integers give ri^e to a different but interesting' 
ordering. This ordering is jof ten, useful in situations where 
distance is the main concern. To ^define this or^ler, we need to 
define the . absolute value of an integer. The absolute value pf 
the integer a is defined 'to W the distance of 'a from 0. We 
use the symbol |a|. So, for example, |3|*= 3 and ,|-3| = 3,-"' 
since both 3 and -3 are at a distance . of 3 from 0. , \ ^ 

a) Find the absolute value of each of the following iate^ers. 

i) -5. (ii) 39 ' ' '(iii) 422' ^ 

iv) -23- ^ / (v) 422 - 63 (vi) 63 -^422-^^ 

vii) 0 (viii) 1 (ix) -1 

b) Define the "absolutely greater" ordering by saying that a 
is absolutely greater than b if ja( is greater than |b|. ' 
So,^for example, -3 is absolutely greater than 2 since |-3| 
is greater than |2|. Circle the absolutely greater member 
of ^ach of the following pairs. 

i) 0 and -3 ^ i1) 5 and 2 

iii) -5 and -2 ^1v) -J and -2 

v) -739 and 740 vi) -2 and 2 

c) How would you defin? the concept of "absolutely equal"? 

dl For which integer^ x is it true that |x - 3| is greater 
than 4? / / ^ 

e) Which of the following are always true (i.e., true for every 
value of p or q)? 

i) IpI ^ p; 

ii)^ \p\ = p or -p; 

iii) 'ip - q| = |q - p|s 

iy) IpI + Jq| is greater than or equal to |p + q| . 
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■ ACTtVHy; 4 ^ J * 

>^ jl\DDITION,AND SUBTRACTION OF^INTEGERS 



' FOGUS: . ' 

* This*' activity will provide some techniques for presenting addition 
' and subtraction of integers to children. 'It can also serve as an 
^ opportunity 'for you to enhance your own understanding and skdll with 
' integers. Each of your three friends (Physical Embodiments, Pictori- 
al Representations, and Mathematical Relationships) win come into 
play. • 



4 
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MATERIALS: 

Paper and scissors, spinners and counters or chips. 
DISCUSSION: 

Although children bring to school many informal real-life experiences 
.with integers, the formal development of the operations, particularly 
subtraction, is often difficult to model with Physical Embodiments.^ 
Consequently, you will find that Pictorial Representations and Mathe- 
matical Relationships tend to dominate the instruction in this activ- 
ity. 

Generally, an appropriate in- 
structional plan for teaching 
addition and subtraction of ^ 
integers to children might pro- 
ceed as follows. 

A. Provide marfiy informal readi- 
ness; activities involving 
addition of integers. 




er|c 
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B. Develop the operation of atldition. 

C. Develop the operation of subtraction as the inverse addition. 

The organization of this activity follows the instructiona) procedure 
suggested abbv,e. A Part D has also been included, which suggests 
some games tftat can be helpful in developing integer concepts with 
children. To gain insight into^these games, ^should play them. 

DIRECTIONS: ' 

PART A: INFORMAL READINESS ACTIVITIES FOR ADDITION OF INTEGERS 

1. The number line provides a good model for informal work with the 
Integers. A positi^'e integer can be repVeseated as a movement 
to the right, a negative integer as a movement to the left, and ^ 
addition (+) is accomplished by combining these movements. 



EXAMPLE 



5 + (-3) = 2 



5 right, 3 left 



... .7 _6 -5 -4 -3-2-1 0 1 2 3 4 



Illustrate the following addition expressions on the number 
lines provided. 

a) 3 + (-4) ... 

.—I — I — I— I — I — I — I — I— I — K-i — I — — I— ^ 

... -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 ... 

b) (-2) + (-4)' 

I 1 1 — I 1— I 1 1 I I ! — 1 1 — I — H-^ 

....7 -6 -5 -4 -3 -2 -1 0 1 I 3 4" 5^ 6 7 
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An unusual rabbit's "hops" could also be used. Starting at home 
(0), he could hop forward and. backward on a number line. Draw 
the following "hops" and indicate what addition expression is 
represented by your picture. 

5 forward, 2 backward 
* I I I I — I — I— I — I — I — I — I I I I — h-^ 

... -7. -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 ... 

Addition expression: 

3 forward, 3 backward 

—I — J— I — I — I— I — I — I— I — I — — I — I — I— 

.... -7' -6 -5 -4 -3 -2 -1 .0 1 2 3 4 5 6 7 ... 
Addition expression: 

Children using a number line can act out the 
"hops"; or, for a \ess strenuous activity, they 
could step forward and backward. 

Some other informal preparatory activities for addition of inte- 
gers include posing such situations as: 

"You have 15 points and lose 20. Hpw many points do you have?" 

"The temperature is -5°. It warms up 20°. What is the tempera- 
ture?" • 

a) Why isn't the physical embodiment of combining sets of ob- 
jects as useful for addition of integers as it was for whole 
numbers? 

b) Brainstorm some other activities that might provide readiness 
for addition of integers. 

33 
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PARLB: DEVELOPING ADDITION OF INTEGERS 

1. Building on their ability to interpret such statements as 

5 + (-3) in terms of movement or hops to the left and right, one 
can ask children to determine a single integer or answer that is 
equal to 5 + (-3); for example, 5 + (-3) = 2. Complete the sen- 
tence below. 

EXAMPLE 

(-7) +5= 




Note : Make sure children are counting units (i.e., hops)--not 
points— on the number line. Some children tend to count 0 as 1 
or -1.* 

Draw arrows to illustrate the moves of Mr. Stick on the follow- 
ing number lines. 



a) 7 + (-5) = . 

> I I I I I I I I I I I I I I I I I I I M 

...-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0. 1 2 3 4 5 6 7 8 9 10 

b) (-5) + (-3) = 

■ I I- I I I I I I I I I I I I I 1 I M I I 

...-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 

c) (-6) + 4 = ' 

-■ 111 11 1 1 1 111 1 1 1 i jJIiJ.J 

... -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 ' ■ 6 7 8 9 10 

, 34 
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d) 3 + (-2) = 

■ I 1 I I I I M I M I I I I I ! M 

... -10 -9-8-7-6-5-4 -3-2-1 0 1 2 3 4 5 6 7 8 

e) 4 + 3 = 

> 1 I I I I I I I I I I I I I I I I I I 

...-10 -9^ -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 

f) (-5) + 4 = 

. 1 I I M I I I I I I I I I M I.I ' I 

...-10 -9 -8 -7 -6 -5 -4 -3-2-1 0 1 2 3 .4 5 . 6 7 8 



Another way in which children can practice addition of integers 
is using the "function machine." Supply the input and output 
pairs for the following four function machines. 



a) 2 positives 

in 


00+ 


b) 2 negatives 

ivi 


out 


IN OUT 6 


10 


N /^Do V 

IN OUT -6 




^ K 8 








10 




-10 




c) 1 positive 
1 negative 

in 




d) 1 negative 
1 positive 


00+ 


N Ai>t) V 3 

IH OUT 6 




N APP 1/ 

IN OUT -6 




/I N 8 


4 


>^ K .8 




10 




■ -10 
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PART C: DEVELOPING SUBTRACTION OF INTEGERS 

It is important that new learnings for children be built on what they 
have already learned. In this part, subtraction of integers will be 
built on the addition of integers and the subtraction of whole num- 
"b'ers. We will rely most heavily on Mathematical Relationships, espe- 
cially, in using pattern finding. 



1. The key to our approach is that 
subtracting an integer is the same 
as adding its additive inverse*; 
that isi a - b = a + (-b). 




*For a definition of additive inverse , see Appendix B. 
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We justify this fact by observing that it works in certain fa- 
miliar cases. In the lefthand column below are subtraction 
problems, which children will have learned to solve in their 
whole-number work. In the righthand column are addition prob- 
lems, which have just been developed in work with integers. 
Solve each pair of problems, noting that the answers are the 
same. You may want to use hops on the number line to solve the 
problems on the right. 

Subtraction • Addition 
(Whole numbers) (Integers) 

a) 13 - 8 = 13 + (-8) = 

b) 15 - 7 = 15 + (-7) = 

c) 16-5 = 16 + (-5) = 

d) 23 - 13 = 23 + (-13) = 

Using the fact that a - b = a + (-b), express each of the fol- 
lowing, as an addition sentence. 

a) 19 - 4 = 15 

b) 21 - 7 = 14 

c) 17 - 6 = 11 

We have not yet dealt with problems like 5 - (-2). In (1) and 
(2) you have seen that: 

13 - 8 = 13 + (-8) 

15 - 7 =15 + (-7) 

19 - 4 = 19 + (-4) 

or, in general , 

a - b = a + (-b); 
so it makes sense to write 

5 - (-2) = 5 + (-(-2)). 
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Complete each of the following in the same way. 

a) 7 - (-8) = 7 + 

b) 5 - (-1) = 5 + 

c) 13 - (-5) = 13 + 

The trouble is, what does -(-2) equal? Well, -(-2) = 1. This 
can be made to seem reasonable in two ways. 

Way 1 : -2 is the opposite of 2, so T^^T? 

-(-2) is. the opposite of -2, which is 2, (^^Ji 
Visualize this on the number line, V-— 



Way 2 : 2 + (-2) = 0, that is, -2 is the additive inverse of 1. 
5o -(-2) should be the additive inverse of -2, But 
2 + (-2) = 0, so 2 is the additive inverse of -2; that 
is, .(-2) = 2. 



Fill in the following, 
-(-8) = 
-(-1) = 
-(-5) = 

7 - (-8) = 7 + = 
5 - (-1) = 5 + - = 
13 - (-5) = 13 + = 

8 - (-2) = 8 + = 

4. Using the fact that -(-b) = b, write each of the following addi- 
tion sentences as a subtraction sentence. (This is being done 
to help cement the relationship between addition and subtrac- 
tion.) ^ , 

a) 5 + 3 = 8 b) -4 + (-7) = -11 

c) 8 + 5 = 13 d) -1 + 1 = 0 



EMC 
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To build your skill With the ideas presented here, solve the 
following problems. v ^ - . 

a) 4 - (-4) = b) 8 . (-8) = 

c) 13 - (-13) = d) 17 - (-18) = 

e) 7 + 9 = f ) 3 + 4 = 

g) 6 + 13 - h) 12 + 15 = 

State a general rule for writing a subtraction sentence as an 
addition sentence. 

Another way of helping children gain some. insight into subtrac 
tion of integers is by presenting a carefully sequenced set of 
examples in which a pattern can be observed. 

For eachr of (a), (b), and (c), complete the table by obserying 
the emerging pattern. 



a) Start at 
the top. 

7 - 3 = 

7 - 4 = 

7 - 5 = 

7 - 6 = 

7 - 7 = 

7 - 8 = 

7 - 9 = 

7 - 10 = 



b) Start at the 
top or bottom. 

7 - 3 = 

7 - 2 = 

7 - 1 = 

7 - 0 = 

7 - (-1) = 

r- (-2) = 

" 7 - (-3) = 

7 -"^(-4) = 



c) Start here *. 
Work up and 
down. 



3 


- (-1) ^ 


3 


- 0 = 


3 


- 1 = 


3 


- 2 = 


*3 


- 3 = 


3 


- 4 = 


3 


- 5 = 


3 


- 6 = 



The "function machine" can be used as another aid in developing 
subtraction of integers. Again, the subtraction rule should be 
changed to an addition rule, as we have been doing. 
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Complete the following: 



^ 5 



Sub 5 or 
Add |~] 






0O+ 






OUT 4 




i\ 6 


1 


8 





c) Rule: Sub -3 or 
Add [ I 



IN OUT 







1 




3 




5 




7 





b) Rule: Sub -5 or 
Add □ 



Nl SOB 1/ 

iw oor 



in 


out 


-2 




-4 




-6 




-8 





9 

Sub 3 or 


Add |~] 




o,u+ 






OUT -3 




J\ 5 




-7 





Nj SUB 
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PART D: SOME GAMES RELATED TO ADDITION AND SUBTRACTION OF INTEGERS 

Games can provide a nice change of pace in the elementary classroom. 
They are especially appropriate when they serve to reinforce or ex- 
tend concepts that are being stUSied. These games are intended for 
you. Play them and discuss how the game should be modified for chil 
dren. 

1. A gain-loss game is representative of another model for illus- 
trating operations with integers. The game is based on the fol 
lowing rules, and is appropriate for playing in the elementary 
school classroom. 

i) The number indicates which chips, 

(JT) ' or , are taken. 

ii) The operation tells how to inter- 
pret the next move. 

Addition means "take the chips 
indicated." 

/ 

Subtraction means "take chips 
opposite of those indicated." 

iii^ The answer is obtained by comparing the gain and loss 
\chips and recording how many remain after making one-to- 
one pairings ''of ^g) and (1) . 




EXAMPLE A 



3 + V4) 



(-4) 



take 3 gain chips 

tak^ the next chips as indicated 

take \ loss chips 



After making pairings\ among the 3 gain and 4 loss chips, only 
one loss chip remains. \ So the answer is 1 loss or -1. 




© 
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EXAMPLE B 

(-5) - (-7) 

(-5): take 5 loss chips ^ 
■ -: take chiDS opposite of those indicated next 

{-7): take 7 gain chips 
The result is represented as 

O Cl) (l) CV 




© © 



[G) (g: 

So the answer is 2 gain, or +2. 

Cut out 10 loss and 10 gain discs and solve the following exam- 
ples using the discs. 

b) (-6) - (-2) 
d) 6 - 4 
f) (-6) + 6 
h) (-4) + (-5) 



a), 3 + (-5) 

c) 4 + 4 

e) (-5) - 4 

g) 5 - (-4) 



/ 



2. Another gain-loss game, consists of three spinners. 



/opposite 


+ \ 




apposite ] 





Take 4 loss Take opposite Take 3 gain 

© © © © ^ © © © 

(.4) - (-3) = -1 ' 

Spinner 1 tells how many g^n or loss chips to take. Spinner 2 
tells whether one should take the chips indicated on Spinner 3 
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or the opposite chips. Spinner 3 tells how many gain or loss ^ 
chips to take, depending on the results of 2. Childrea could 
make up equations as a result of using the three spinners. ' 

Try makhng up another model for teaching addition and subtrac- . 
tion of^integers. For example, can you think of a model or game 
using the following? 

V 

r - 

"An elevator travels up and down going to the floors above and 
below ground level." . 

Discuss : What are advantages and disadvantages of presenting 
models through games, as illustrated above? Is there a danger 
that somet/nes; the model is more difficult to understand than 
the pro^KS 'itself? 

For each of thfr following real -world problems, write a mathema- 
tical sentence that will help you solve the problem. /Then find 
the solution. 

a) Bill had a score of 50 points in Canasta. In the next game 
he lost 20 points, and in the third game he lost 60 points. 

' What was his score after three games? 

b) Kathy earned $14 babysitting and $J7 working as a checkout ; 
» person in the local grocery store. She then spent $9 fot* r 

pair of jeans and $7 for a shirt. How much money did she/ 
have left? 

c) One winter day the temperature at International Falls, 
Minnesota, dropped" suddenly. At noon", the recorded tempera- 
ture was 28'*F above zero. -By midnight, the temperature had 
dropped to -17''F. What was the difference between the noon 
and midnight temperatures? 

Write a real-woTfd problem that could be represented by each of 
the following mathematical sentences." ' ^ 

a) 17 + (-12^) + 24 " b) 27 - (-5) - (-13) 

c) (-26)'+ (-57) + (-43) ' 
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ACTIVITY, 5 

MULTIPLICATION AND DIVISION OF INTEGERS 



FOCUS: 

Multiplication efifid division of integers are usually delayed until the 
child has gained sufficient maturity to deal easily with Mathematical 
Relationships. This activity will present some techriiqijes for justi- 
fying the operations of multiplication and division of integers, 
using some pictorial representations and, most often^, ma^'hematical 
relationships. 



HISTORICAL HIGHLIGHTS 




Fibonacci Numbers* 

The Fibonacci sequence of numbers has interested 
mathematicians and nonmathematicians for ages. It is 
named after the medieval mathematician, Leonardo 
(Fibonacci) de Pisa. The sequence begins with 1 and 
is describ^kas the number obtained by adding^ the 
two previouq^>^bers in the sequence. Thus %e obtain 
1, 1, 2, 3, 5, 8, 13,' 2^, 



Find th^ next five numbers in the sequence 



Interestingly,, this sequence occurs often in nature, 'for ex- 
ample, many plants appear to form pairs of spirals in their 
flowers 6r fruity These spirals in the daisy occur regularly ^ 
with 21 one way a^d 34 the other. P6r pine corses*, it Is 5 one 
one way and 8 the other, while fo/ pineapples it is,.8 and 13. 
What relationship dojthese obse/v>^ions have with the Fibonacci 
sequence? 



♦Bergamini, David, Mathematics (New York: Time-Life, 1970). 

— -t—^ 
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DISCUSSION: 

(You already know how to solve the problems 2 x 3 or 8 t 4,\but what . 
about 2 X (-3), (-2) x' (;3), (-8) ^ 4, and (-8) - (-4)? The answers - 
-6, 6, and 2 are difhcuU to rationalize using techniclues simi- 
lar to those developed for addition and subtraction. Therelis one 
approach to multiplication of a positive integer times negative 
one, that uses pictorial representations. Otherwise, we will have to 
rely on number patterns and on those number properties that are true 
for the integers. Remember, the goal is to develop a rationale for ^ 
answering any multiplication or division problem involving integers. \^ 
The examples below will summarize the results obtained by multiplying 
or dividing any combination of integers. 

EXAMPLES 

3 X 4 - 12 ^ 10 T 5 = _2_ 



5 X (-2) = z19l. 5 • (-3) = ^ 

(-3) X 2 = ^ (-8) ^ 4 = ^ 

(-2) X (-4) = ' • (-2) = ^ 

DIRECTIONS: 

' 1. The one opportunity for Pictorial Representations to get into 
; the act is by interpreting multiplications of the form 4 x (-2) 
as repeated addition (-2) + (-2) + (-2) + (-2), and repr6,senting 
it on the number line in terms of backward hops. 




.c, .8 \7 -6-5-4-3 -2 -1 0 1 2 3 4 5 6 7 8* 9 

\ ■ ... 
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This approach has the advantage of building on one°bf the whole 
number models for multiplication and on the addition of inte- 
gers. A problem comes up in interpreting (-2) x 4 unless one 
just accepts the fact that multiplication is. commutative , so 
that (-2) X 4 = 4 X (-2).* 

Solve each of the following multiplication problems by repre- 
senting it on the number line. 

2 X (-3) = ~ 



-H 1 1 1 1 1 h 1 1- 

-6 -5 -4 -3 ^ -1 0 1 2 



5 X (-1) 



*— h 1 1 1 1 II I 1 1 1 1 1- 

.. _6 ■ -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

/ 

(-3) X 2 = 



H ! \ 1 1 1— I 1 1 »- 



H *- 



... -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 



3 X (-2) 



-* 1 — M — h — h — I — I — • — I — H — I — ^- 

... -6 -5 -4 -B -2 -1 0 1 2 3 4 5 6 



\ 



*See Appendix B for discu\s|sion ^/f commutativity 
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Pattern finding is a Mathematical Relationships approach to 
multiplying integers. Answer the multiplication problems in (A) 
and (B), and summarize the pattern (s) you observe. 



A 

4x4 
4x3 
'4 X 2 
4x 1 
4x0 
4 X (-1) 
4 X (-2) 



3" 



B 

8x3 = 
8x2 = 
8x1 = 
8x0 = 
8 X (-1) = 
8 X (-2) = 
8 X (-3) = 



In a similar manner, answer each of the multiplication problems 
In (A) and (B) below, and summarize the patterns you observe. 
Use the fact suggested in (1) and (2), that the product of a 
positive integer and a negative integer is a negative integer. 



(-2) X 4 = 

(-2) X 3 = 

(-2) X 2 -- 

(-2) X 1 = 

(-2) X 0 = 

(-2) X (-1) = 

(-2) X (-2) = 

(-2) X (-3) = 
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4. Using the results of (1). (2). and (3), sumnarize multiplication 
of integers by answering the following: 

^ a) A positive integer times a positive integer is a . 

b) A positive integer times a negative integer is a . 

c) A negative integer times a positive integer is a 

d) A negative integer times a negative integer is a 

5. A second technique for establishing the rules for 
multiplying integers dependSfOn the mathematical 
properties that are true for the set of integers. 



Developing Multiplication and Divis.ion Using Num ber Properties* 
For each of the following properties, a and b represent integers, 
a X b = b X a Commutative 
a X (b X c) = (a X b) X c Associative 
a X (b +'-c) = (a X b) + (a X c) Distributive 
a X 0 = 0 ' Zero property for multiplication 

a X 1 = 1 Multiplicative identity 

a + (-a) =0 

and if a + b = 0., then b = -a. Additive inverse 

\ 

Study each of the properties above. Identify the property that 
makes each of the following statements true, and give another 
example of the same property. ^ 

a) Statement: 6 x [4 + (-2)] = (6 x 4),+ [6 x (-2)] 
Property: Example: 

b) Statement: (-6) x 4 = 4 x (-6) 
Property: Example : 



*For a more complete discussion of these properties, see Appendix B. 
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c) statement: (-4) x 0 
Property: 



Example: 



d) Statement: [(-5) x 3] x (-2) = (-5). x [3 x (-2)] 
Property: Example: 

e) Statement: 1 x (-3) = -3 

Property: Example:- 

f) Statement: (5x7)+ [(-5) x 7] ^ 0 
Property: [ Example: 

Multiplication of integeiSS can be explained by using the six 
properties listed above plus a knowledge of the basic facts. 
The four cases that must be considered are illustrated below. 
The first is simply multiplication of two whole numbers. The 
second, a positive integer times a negative integer, is done for 
you. The third is much like the second-, but you should provide 
the reasons. The final case will allow you to try your hand at 
writing the steps and reasons. If you have difficulty, ask 
classmates or your instructor. 

a) a positive times a positive : 3x2 = 

(answered in the same manner as the product of two whole 
numbers) 

b) positive times a negative : 3 x (-2) = 



3x0 = 0 



3 X [2 + (-2)] = 0 



(3 X 2) + [3 X (-2)] = 0 



Zero property of multiplication 
a X 0 = 0 

2 + -2 = 0 since -2 is the addi- 
tive inverse of 2 . 

a + (-a) = 0 

Distributive property 

3 X [2 + (-2)] = 

(3 X 2) + [3 X (~2)] 
a X (b + c) + a X b + a. X c 
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6 + [3 X (-2)] = 0 



Basic fact 
3x2 = 6 



3 X (-2) = -6 



Additive inverse; when 3 x (-2) 
is added to 6, you get 0. 
a + (-a) = 0 



c) a negative times a positive ; (-3) x 2 = 
0x2 = 0 

[3 + (-3)3 X 2 = 0 

(3 X 2) + [(-3) X 2] = 0 

6 + [(-3) X 2] = 0 

(-3) X 2 = -6 

d) a negative times a negative : (-3) x (-2) = 
(-3) X 0 = 0 



Once multiplication of integers has been firmly established,, 
division can be dealt with by relying on a whole number rela- 
tionship between multiplication and division. For example. 
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1= 2 is equivalent to 8 = 4 x 2; or, generally, 

r- = c is equivalent to a = b x c. 
\ b 

So, to solve the problem 
-24 V 8 =□ 

it seems reasonable to replace it with the problem -24 = 8 xQ 
the solution to which is -3. Using this strategy, rewrite each 
of ♦ihe following division examples as a multiplication sentence, 
and solve. 

Division Example Multiplication Sentence 

a) 12 ^ (-3) =□ (-3) xn= 12 

b) i-isy V (-5) = 

c) (-81) ^ 9 = 

d) (72) ^ (-12) = 

e) (-144) T (-36) = 

f) 96 - 16 = 

8. For each of the following real -world problems, write a mathemat- 
ical sentence that will help you so.lve the problem. Then find 
the solution. 

a) The lowest temperatures reported for a five-day period in 
Chicago during the month of January were: 1°, -7°, -11°, 
-8°, 6°. What was the average low temperature for the five- 
day period? 

b) Every week for seven weeks, Mr. Young's gas station recorded 
a net loss of $73 (a profit of -$73). What was his net 
profit for the total seven weeks? 
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c) At the end of a year, three partners in a business venture 
determined that their new enterprise had lost a total of 
$7,323. If the three partners were to share in the profits 
of the business, what was each partner^s share of the prof- 
it? * ' 

9. Write a real -world problem that could be represented by each of 
the following mathematical sentences.. 

a) (-3) X (-16) 

b) (-324) T 9 

c) (-6110) V (-5) . . 

d) 4 X (-112) 

10. One t)f the reasons for expanding the set of y^hole numbers to the 
set of integers was to be able to describe a wider class of 

real -world situations. Another reason is to give 
wider and richer use to the four operations +, x. 

In the questions below, you will have an opportu- 
ni^y ^0 compare the whole numbers and the integers 
witb respect to certain properties. After the next 

section, you will make this comparison between the Integers and 

the rational 'numbers. 

a) A set is closed* under an operation if, when the operation 
is applied to two members of the set, a third member of the 
set results.' For example, the whole numbers are closed 
under addition, since a + b is a whole^number whenever 
. and b are whole numbers. Under which of the following 
operations is the set of whole numbers closed? 

i) subtraction 

ii) multiplication 

iii) division 



a 



*This term is discussed further in Appendix B. 
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b) Under which of the following operations is the set of inte 
gers closed? 

i) addition 

ii) subtraction 

iii) multiplication 

iv) division 

c) In which of the following sets of numbers is the equation 
2 + X = 1 solvable for ? 

i) whole numbers 

ii) integers 

iii) rational numbers (positive and negative fractions) 

d) In which of the following sets of numbers is the equation 
4x = 2 solvable? 

i) whole numbers 

ii) integers 

iii) rational numbers 
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Section li 



RATIONAL NUMBERS 
IN THE ELEMENTARY SCHOOL 



In Section I, the set of integers was studied. There are many in- 
stances in which children have informally used integers (including 
negative integers) in their lives. The equation 5 - 12 =□ reflects 
a potentially realistic situation; e.g.. the temperature is 5 degrees 
and drops 12 degrees. The study of integers provides a good founda- 
tion for helping the child understand and interpret real-world situa- 
tions involving integers. 

In a similar manner, most children have had several experiences 
involving rational numbers. The example of sharing objects so that 
fractional parts result is not unconmon. "You four children may 
split this bag of M & M's." "You may take one-half of the last piece 
of cake." Other real-world instances often occur in measurement of 
length, weight, volume, etc. Dividing a bottle of Coke among three 
children, or measuring a piece of paper and finding it is a little 
more than 11 inches long, are further instances of experiences with 
rational numbers that Children bring with them to school. The for- 
malization of these experiences begins in the first year of school 
and continues throughout the child's total school experience. The 
concepts associated with rational numbers seem to be more difficult 
to teach and learn than those associated with whole numbers (or even 
integers). Although the rational -number concepts may indeed bo more 
complex, a contributing part of the difficulty may be the teacher's 
own lack of confidence and understanding of these concepts. 
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This section will focus on several important rational -number , 
concepts that are taught in the schools. The first activity provides 
a self- test to help you measure your own proficiency and skill in 
working examples associated with rational numbers,* You will have 

e 

the responsibility of making sure that you possess the basic skills 
with rational numbers before completing this unit. The remaining 
activities in this section have a dual focus: (1) to develop basic 
rational -number concepts so that you have a firm understanding of 
them; and (2) to develop these concepts using a pedagogical approach 
that is appropriate for use in the schools. 

Before beginning your work in this section it would be helpful 

to: 

1, Review and discuss the "Overview of Rational Numbers with Inte- 
gers and Reals" presented in Activity 1, Section I. = 

2. Read carefully the titles of the activities in this section. to 
gain some perspective as to where they lead. You should observe 
that the study, of rational numbers, like that of whole numbers 
and integers, proceeds from the real world. Real -world refer- 
ents and eitamples using physical embodiments and pictorial rep- 
resentations are identified, and the mathematical terminology 
and symbolism are developed in as natural a setting as possible. 
You will also note that this development from real -world ex- 
amples to mathematical symbolism is not as easily done with ra- 

' tional numbers as it was with whole numbers. 

A few comments about terminology would be helpful here. The overview 
briefly^pointed out the possible confusion between the terms "ration- 
al numbers," "fractions," and "decimals," At times we talk about the 
number; at other times we talk about the numeral (or symbol) that 
represents the number. 



♦This test includes skills with fractions as well as with decimal 
representations of rational numbers. 



A. When we talk about the number , we are talking about the abstrac- 
tion, such as "halfness," rather than about the symbol or numer- 
al that is used to describe the number. 

Rational numbers refers to thi total set'^f numbens, positive , 
zero, and negative.* i 

B. When we talk about the numerals , we are talking about the sym- 
bols (including words) with vi\}ich we -represent numbers. 
Fractions refers to symbols tljiat represent rational numbers in 

\ ' the form | (|, |, etc.). wher^ a. ^b are integer representations 
(b ^ 0). 

Decimals refers to symbols that represent rational numbers in 
the form'of a sequence of digits with a decimal point, for ex- 
ample, 0.5, 0.666. . . 
A study of this diagram may help you organize these terms. 



NUMBERS 
(The abstractions) 




NUMERAL/S 
3j (The symbols) 



FRACTIONS. 



MAJOR QUESTIONS 



1. Why do you think that the learning of rational -number concepts 
presents more difficulty than the learninc| of whole-number con- 
cepts? Include some specific examples to* support your discus- 
sion. 



*The term fractional nunfcer is also used in the elementary school to 
describe the nonnegative, rati oftaf numbers, that is, zero and the pos- 
itive rational nunters. The>J6mentary school texts probably use the 
term "fractional number" since it is derived from fraction, a word . 
which the children are likely to hear and use in their environment. 
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2. Why i%Dthe concept of equivalent fractions so important in the 
development of . rational -number: concepts? (One possible way of 
answering thit question is to identify all%f the concepts and 
skills that are dependent on the concept of equivalent frac- 

\tions.) 
— ■ — — — 

The Golden Section 

Early Greek planners were fascinated by the divisibn of a dis- 
tance in such a way that the ratio of the whole length to the 
larger part corresponded geometrically to the ratio of the 
larger part to the smaller. ^ 

. 1 



/ s 




If the entire length is 1, then the diagram above shows that 

t = — ~ is the proportion described above, 
a a D 

This division of a distance, callei) the Golden Section , was 
used by GreeK architects and artists, and continues to intrigue 
contemporary painters and musicians. Several other parts of 
this, unit will explore the Golden Section and its application; 
but first, try to find a value for a (the Golden Ratio). ^ 
One method is by trial and error; another is using algebraic 
manipulation. However, it is possible to arrive at ^n esti- 
mate as cloSe as you wish using the Fibonacci sequence mefi- 
tioned in Section I, page 44. That is, by taking ratios of 
successive Fibonacci numbers, the resulting sequence provides 
a closer and closer approximation to the Golden Ratio. Thus, 

the first approximation is y , or 1; the second is j , and 

2 

the third is j. 

If you continue this process, what observations can you make 
about the value of the Golden Ration, using the Fibonacci, 
sequence? 
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ACTIVITY 6 ■ / 

SEtF-TEST OF SKILLS WITH RATIONAL NUMBERS 

1 * ^ " - . . 

» .* s 

FOCUS: 

As future eleme.ntary school teachers ' /ou should realize the impor-1 
tance of developing your skills with rational nunnbers. This self- \ 
test of these skills will indicate which areas require improvernent 
before the completion of this unit. ' . 

DISCUSSION: ■• ' 

Since you a,\i going to have to explain rational -number cotnputatior\s 
to others, there is little sense in rote memorization of procedures 
to gain the necessary skills. You should take the\tim|/fo^ an 
understanding of the basis for each" of these skill^/*OIf you need to 
review some computational procedures, the developments in many ele- 
mentary school mathematics texts are carefully done, ^nd you will 
find them helpful in your own learning. 

In taking this test, you will note that the items are mixed and 
are often presented in sentence form ratheK than^ in simple example 
farm. The reason for this is that such questions as "What is jof 
8?" occur in real-life situations more often th^n' simply j x 8. 

DIRECTIONS: . 
1. [Take the test, displaying as much work as possible tfo make the 

error analysis easier. 
li Correct the test, using the answers in Appendix A, pp. 217-218. 

3. Classify the errors that you made, e.g., addition of fractions, 
multiplication of decimals, etc. - 

4. Determine the probable caus'e of the errors. 

5. Identify a procedure for relearning those fundamental skills 
that you do not possess, and complete' the relearning before the 

* * 
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end of this unit. This step is your responsibility. The Skill 
Builder Exercises in Appendix C have been constructed to aid in 
the development of the specific skills identified in (3) above. 

4 
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Self-Test 



Part A; Coninon Fractions 



V 



1. 
3. 
5.. 
7. 

9. 

10.' 

11. 
.12. 
13. 
14. 
15. 



7 7 i 

1.1.- 
12 " ^12 

6 + 3^ 

7 4. 
8^5" 

i 

How many seventjis^re ther^. in one? 

Write l|- in terms "'of eighths (as a number/ of eighths). 

i 

What is I of I? 



2. 


4 X 


1 
1 

2 


4. 


3 . 

• 4 ■ 


2 

3 ' 


6. 


7 

16 ■ 


il 
3 


8. 


5 V 


7 = 



3 7' 
J is what part of g? 



2 m 6 

Find the whole jnumbers m and n 1"^^.= ^4 = TJ" 



/ 



Find the whole 'number p i"^ 14" " ^ 



Place, the follpwing in order from lealst to greatest: 



b) 



il 
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16. Express each of the following in simplest form. 



17. 



18. 



19. 
23. 



a) 



32 



b) 



52 _ 



0 f 



48 40 

What is the least common multiple (LCM) of: 

a) 3 and 7 ; b) 6. and 8 1 c) 3 and 4 and 6 

What is, the greatest common factor (QCF) of: 

a) 6 and 8 ! b) 28 and 35- \ ' c) 72 and 144 

' 4'. 



2^ + 1^ = ■ 
42. ,25= 

l| X 6 J X 2f 



20. If- 



22. 3fx 



24. 4*3i\ 



61 



70 



25. lf+ (^) -^1== 26. 4- (-3^) = 

27. (^) X (-2i) 28. (4) X {2^) - 

29. (--I) ^ (-3) = 30. 3|^ (-2i) = 

Part B : Decimals 

1. 1.5 + 0.0617 = 

2. 32.45 X 0.02 = 

3. 67.85 - 15.317 = 

4. 4.033 T 0.037 = ' 

5. How many thous^andths are there in one-tenth? 

6. Place the following in order from least to greatest: 

' a) 0.29 b) 0.74 c) 0.271 d) 2.065 e) 0.09874 

7. 4.01 ^ (-0.04) = 8. 7.31 + (-35.678) = 
9. 6.31 X (-2.003) = 10. 16'.8 - (-33.07) = 

11. (-7'.32) + (-10.8) = 12. (-43.6) - (+7.25) = 

13. (-1.03) X (-0.023) = 14. (-73.25) ^ (-0.05) = 

15. Express I as a decimal. 

16. Express j as a decimal to the nearest thousandth. 

17. Express ^ as a decimal. 

18. Express 0.7312 as a fraction. 

19. Express 0.6666... as a fraction. 

20. Express 0.32323^... as a fraction. 
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ACTIVITY 7 

PHYSICAL EMBODIMENTS FOR RATIONAL NUMBERS 



FOCUS: \ 

In this activity you will have an opportunity to discuss different 
physical embodiments that might be used for introducing rational num- 
bers to young children. 



DISCUSSION: 




\ 



The whole number three is an labstrac- 
tion that is concretely or physical ly 
embodied in sets containing t^ree ob- 
jects, and that is represented by the 
numerals "three," "3," "2 + 1," etc. 
The integer negative three is also an 
abstract concept, which can be physi- 
cally (or at least pictorially) em- 
bodied by three backward hops on the 
number line. It is, of course, represented by the numerals "negative 
three," "-3," "5 - 8," etc. In the same way, the rational number 
one-half is an abstract concept that can be physically embodied in at 
least the three different ways described in this activity. It can be 
represented by the numeral s ''one-half ," "|-," "1 - 2," "0.5" etc. In 
fact, one-half has an infinite number of representations. This fact 
will be discussed later. 

In the work on the next page, three kinds of embodiments are 
given that can prove helpful in developing the concept of rational 
numbers with children. These embodiments lend themselves particular- 
ly well to fractional representations. 
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DIRECTIONS: 

Three physical embodlinents for introducing rational numbers expressed 
as fractions are given below. Stucly each of them and then answer the 
questions that follow. 

A. Usinfj a Measurement Model 

Hold up a piece of yarn against a number line displayed in front 
of the room. The first time hold up a piece that is 6 units 
long. 

Ask: How long is the yarn? | | j [ | | | 

0 1 2 3 4 5 6 



Then ask: If I folded it in 
half, how long would it 
be? (Hold up the folded 
yarn for the children to 
see that it is 3 units 
long. Next, take a piece 
of yarn 5 units long. ) 



I — I I I — V 



5 6 



Ask: How long is the yarn? 



I — hH — h-H 

0 12 3 4 



Then ask: If I folded it in 
half, how long would it 
be? (Hold up the folded 
yarn for the children to 
see that it is 2|- units 
long. ) 



I 

0 



■ \ 
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Usin^ a Reciion Model (Part of a whole) 




Soo ^ee HEf?e. all of 

Tf^E$e MOQBlS CAN 



Take a large piece of lighVcolored 
construction paper. Fold it into four 
parts. Ask the children to count the 
number of parts into which the paper hBS 
been folded. Ask if each part is equal 
to the others. This can be demonstrated , 
by folding the parts onto each other. 

Shade one part of the paper using a , 
dark-colored marker. Ask the pupils 
how many- parts are shaded. Write "1" 
on the chalkboard. Ask how many 
parts there are in all. Write 4 be- 
low the 1. 

Now draw the line between the numerals 

so that the fraction ^ is seen on the 

board. Tell the children that the 

numeral on the board is called the 

fraction one-fourth . Ask them again 

what the 4 means. 

' "3 
Repeat the procedure for the unshaded ^ portion. (Simi 

velopments could be done using a circle or a rectangle, 

ular care must be taken that equal (or congruent) subdi 

can be found easily.) 













lar de- 

Partic- 
visions 
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C. Using a Set Model 

Bring three children to the front of the room, choosing two 



girls and one boy. Ask the children to think of the three chil- 
dren as a set. 

Ask how many^boys, how many girls there are in all. Now ask 

what part of the set is girls. Develop this by asking again how 

many girls. Write 2 on the board. Ask how many in the set in 

all; Write 3 on the board below the 2. Now draw the line be- 

2 

tween the numerals so that the fraction y is seen on the board. 
Tell the children that the numeral on the board is called the 
fraction two-thirds. Ask them again what the 2 means, what the 
3 means. 



Repeat the procedure to develop the fraction of the set that 
contains boys. 

Discuss the following questions. Summarize your discussions. 

1. Discuss how you might extend Example A above (the measurement 
model) to develop the writing of fractions. 

2. The three examples illustrate the three types of physical embod- 
iments usually associated with rational numbers: the number 
line (ruler) or measure approach; the part of a whole (region) 
approach; the part of a set approach.' Which of the three do you 

<■ feel would be the easiest for children to understand? Which 
would be the most difficult? 

3. Order the following activities for children in the sequence that 
you feel would be most appropriate. 




2, 
3 
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Ask children to tell what the top numeral (numerator) in a 
fraction means, what the bottom numeral (denominator) in a 
fraction means. 

Ask children to partition objects into halves, thirds, quar- 
ters. 

Ask children for examples of the use of fractions in their 
1 i ves . 

Ask children to match shaded regions with a fraction. 

Ask children to write the fractions for one-half, one-third, 

one-fourth, etc. " 

Ask children to match part of a set with a fraction. 
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ACTIVITY 8 

'INTRODUCING RATIONAL NUMBERS 



FOCUS: 

In this activity you will have an opportunity to take part in three 




You will find it helpful to have available the materials suggested 
for the children. These materials are: 

Section A • Cuisenaire rods or strips of graph paper of the same 
width, ranging in length from 1 urtit to 10 units. 

Section B Paper squares, rectangles, isosceles triangles, equilater- 
al triangles, arrd scalene triangles. 

Section C Twelve objects, six of which are alike'and six of which 

are different; yarn or string for making a closed loop and 
for partitioning. 

DISCUSSION: 

The child's introduction to rational numbers is, through the notion of 

fractions and fractional parts. Fractions are represented using 

* 
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pairs of integers— usually in the form , sometimes in the form 
(a,b). The ratio of two lengths (a 4-inch length and a 6-inch ^ 
length), when used in introducing rational numbers, is seen as j or j 
(assuming the shorter Js compared to the longer). Sets and parts of 
sets are compart in a similar fashion. This activity will focus on 
using pairs of numbers as a natural way to teach children about ra- 
tional numbers. 

DIRECTIONS: 

These activities are intended for children. However, you should do 
the activities in groups as if you were children. A different mem- 
ber of the group can play the role of teacher for each of Sections 
A» B, and C, giving the instructions fpr the section to the rest of 
the group. 

As a group, discuss and answer the questions that follow each 
section. When acting as the teacher, phrase each of the directions 
and questions as if you were talking with children: 

Section A ^ 
(Measurement Model) 

1. Ask the child to take a brown rod or an 8-unit strip of paper. 
His or her task is to find two— but only two— rods 'or strips) 
of the same size which together give the same length as the 
original rod or strip. That is, he or she »ust find half the 
original. 

2. Repeat (1), using a different original rod or strip. (The dark 
green rod or 6-unit strip is suggested.) 

3. Ask the child whether half the brown rod is the same length as 
half the dark gr'e^n rod. 

4. Give the child a rod (e.g., the red rod),., and ask him to find 
the rod of which it is half. 

5. Then ask the child to find all the rods in the box for which 
there are other rods half their length. (It is important that^ . 
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the child not be left with the misconception that anodd-length 
bar cannot be divided into two or four equal lengths.) 

Section A— Questions , • 

1. Analyze the child's activities to see whether they are repeated 
examples of a single experience or whether they provide funda- 
mentally different experiences. 

2. How would you assure the child that the odd-length bars can also 
be divided in half? 1 

3. Write four questions you can^'ask children, which follow the same 
sequence as above, bi/t which make the meaning of "quarter" more 
precise. State which rods ot strips you propose to use. ' 

Section B 
(Region Model ) 

J>J Ask the child to take a square and fold it so that one-iside of 
the square fits exactly on the other side. 

2. Extend (1) by asking^the child in how m'any different ways he t:an 
fold a square in half. 

3. Ask the child to fold equilateral, isosceles, and scalene tri- 
angles in half, if he can. 

4. Ask similar questions^ for folding -halves of a circle and rec- 
tangle. - ^ 

Section B--Questions 

1. Draw rough diagrams of the answers you would expect from the 
child's activities in folding. 

2. Suppose you are allowed to , draw a line to form halves rather 
than just folding. How many ways can you draw a line to form 
halves? 



How might you use Pictorial Representations for 
the example in (2) above? What would the advan- 
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tages and disadvantages be? V^, ^/^^ 
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Section C , 

""(Set ModeTT 

1. Ask the child to put six objects within a loop of string and use 
a ribbon to partition this set into two subsets so that there 
are an equal number of pbjects in each. Then ask him how many 
is half of 6. ^ ' ' 




2. \Ask questions to extend the activity to experiences for finding 
Valf df four objects, eight objects, etc. , ^ 

Section C— Questions 

1. " What instructions for partitioning would you give in order to 

demonstrate quarters? 

2. Does it make any difference to your approach if the objects are 
not, alike? ^ i . . 

3. Suppose childhooks at the set above and says, 'T don t see A 
. I seJ^ 3." How would you handle this observation? ^> 

4. The tl\ree different approaches (A, B, and C) were applied to the 
' same number (one-half) so that you can mak^ a comparison. Which 

approach do you feel most comfortable with? Why? Do you think 
that th^ same wou]d be^'^rue for children? 



)Ul( 



71 




Assignment ^ 

1. The ^niroductory^essons suggested above used 
models based on physical objects. A variation 
of the measurement model is>the number line. 
Wjrite ^hree or four questions you might ask a child in ^evel9p- 
ing the con^ept*of "half," "quarter," and "thiH^" u^ng a num- 
ber line. * ' 

2. For each of the following problems, write a mathematical expres-^ 
si on that describes the situation. 

a) The bakery prepared 42 glazed ^onuts, §6 plain donuts, and 
24 sugar donuts for one day's sales. What fractional part 

* , of all the donuts baked was represented, by the plain donuts? 

b) On a trip from Cfflcago to Denver, John drove 5 hours, Mary 
drove 4 hours, Slisan drove 5 hQurs, and James drove 6 hours. 
What fraction of the time did James drive? 

J, Write a real-world problem that could be represented by each of 
the following rational numbers,. — j^*^ 

a) f b)Hl 
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ACTIVITY 9 



FOCUS: / 

Most readers will know that f and a ^ b represent the same rational 
number/. In this activity, you will consider the problem of making 
this seem reasonable to a child. , ° 

^DISCUSSION: 

You probably remember converting from a fractional representation of 
a rational, number to a decimal representation by means of division. 



■i- = 0.25 since 4)1.00 
8 
20 
. 20 
0 

When you do this you are using .the fact that ^ and 1 - 4 represent - 
the same rational number. This may seem reasonable to you, but how 
would you explain it to a child who: 
1) learned about division in the context of whole numbers? 
ii) le,arned later about fractional representation of rational num- 
bers in a conte.xt like that of the previous activity? 

DIRECTIONS: 

1. Here are two approaches to making | = a - b seem reasonable. 
Read them. 

• "Mary has two pies and wants to divide them equally among 

five children. How much pie does each person get?" 
- This story can be interpreted with either of the symbols 
-2 : 5 or f . 
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|- is a fraction that represent^ a rational number, and 
4 T 2 = 2 is a whole number. It seems reasonable to agree 
that5^|='4 V 2 since, if we take fOjlir regions, separate 
them into halves, and take 4 of th^se halves, we end up 
with two regions. 




a) One of these explanations relates to the child's experience 
with division, and one relates to the child's understanding 
of fractions. Explain which is which. Do you see any prob- 
lems with either? ^ 

b) Make up a rationale for the equality of ^ and 4^ 4. 

4 

c) Make up a rati onale-^tnr the e,quality of y and 4. 

d) Use the fact that | = *a ^ b to explain why it seems rea- 
sonable that every integer is a rational number. 

Division of whole numbers can be related to multiplication by 
means of the statement that 

a ^ b = X is equivalent to a = bx. 

a) Use the above statefnemt and the fact that a ^ ^ = | to show 
that 

g- = ^ is equivalent to ad = be 

b) Use what you have learned to date to show that 



a-c 
b.c' 
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ACTIVITY 10 . \ 

INTRODUCING EQUIVALENT FRACTIONS 



FOCUS: j 1 : 

In this activity^you will have an opportunity to take part in jsome 
experiences, suggesi 
alent fractions. 



JU will ridve an uppur lum i lj uuivc u 

5ted for children, to develop the concept o^ equiv- 



MATERIALS: ' o 

Pieces of pap^r (any size; x 11", for example); twelve strips of. 
paper of equal length (1" x 12"--or use centimeters) ; compass. 

DISCUSSION: - 

The poncept of equivalence is one of the important ideas that run. 
thrqughOi^ the mathematics curriculum. Equivalence of fractions is 
a particularly important idea as well as a practical one. Children 
will be e-xpected to use this idea freely when adding or subtracting 
rational numbers. TheNconcept of equivalent fractions is also impor- 
tant in determining order (which is greater) among fractions. At the 
s-l^ple^ level, it is' important for children to be able to recognize 
equi^valent fractions. As you have seen, fractions are names for ra- 
tional numbers. Two fractions arfe called equiva lent if they are 
naim^s for the same rational number . ^ 

DIRECTIONS:^ ^ \ff 

In small groups, work through these activities as if yo^^ere chil- 
dren. Take turns acting as the teacher. Be sure to answer the ques- 
tion? that follow each section. 
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Section A 
; . (Region Model) 



1. Take a piece of paper which is divided . 
into three parts. (Do this by folding.) 

2. Shade one portion of the paper. "How 
many parts of the paper are there in 
all? How many parts are shuJed? What 
fractional part is shaded?" 

3. Fold this paper in half. "How many 
parts in all? How many parts are 
shaded? What fraction tells how much 
is shaded? Does^^ = | ?" 

4. Fold the paper in half, then'fold it 
in h^alf again. "How' many patrts in 
all? How many are shaded? What frac- 
tion tells how much is shaded? Does 

1 _ 1 ^ J_ 
3 " 6 12 * 

Section A"-Questions 

1. Would it be advisable, when working with children, to contirfue 
folding the paper to get three other fractions equivalent to ^ 
Why or why not? 

2. In the above embodiments of y and ^ , how Jo you know that they 
represent the same rational number? 

3. Develop a set of questions using paper-folding to establish the 

12 4'"' 
equivalence of ^ = ^ = g- . 

^ 2 4 

would you use paper-folding to show that 1 = "2 ^ 4 ' 
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Section B 

(Measurement Model) ' ^/^^C^ 

Take one of the twelve strips of paper. Place ( ^/^^ 
a large "1" in. the center. Tak6 another, mark 
it into halves and write ^ on each part. Do the same for 
thirds, fourths, etc., up to twelfths. {For children you could 
do this on a single piece of paper with the divisions already 
given, as shown in Figure 1 on page 78.) 



1 

7 



1 
I 


1 
3 


1 
3 


1 

12 


1 

12 


1 

12 


1 

12 


1 

12 


1 

12 


1 

12 


1 

12 


1 

12 


1 li 

12 12 


1 

12 



Take the strip divided 
into halves. Match it 
with the other strips, 
to see if any other 
fraction matches the j 
Does I = i ? 



1 


1 


, 2 


o 2 



I 

3 



mark. 



1 



1 



1 



^ = I ? How many ~-'s 

does ^ equal? 

Ill 

Line up all the fraction strips equivalent to j ; to y ; to ^ 



3 2 

4. How many twelfths are there in j- ? How many in y ? Which is 

3 2 
the larger, j or 1 

113 5 

5. Place in order of size (least to greatest): 4"» "J* 8» g" • 

6. How many sixteenths are there in a whole strip? How many 
twentieths? 
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. , 3 ^ 


1 
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0 
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1 
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1 
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1 
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7 


1 
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1 
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1 
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1 
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1 

8 


1 
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Figure 1 
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Section B— Questions ^ 

1. Describe how you might use these strips to show equivalence by 
shading in portions--rather than by cutting and comparing. 

2v. Write a few questions for children showing how you might ask 

them to use the strips to determine which of two fractions is 

112 3 
greater. For example, which is greater, j 4 • s T ^ 

12 3 0 ^ 
3. How would you use the strips to show that l = y=2'''3'"" 

Section C 



(Region Model ) 




1. Use the compass to draw four circles. Partition one into 

halves, one into fourths, one into sixths, and one into eighths. 
Shade one-half of the circle partitioned into halves. 
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2. How many sections of the circle partitioned into fourths would 
one shade to be equivalent to |- ? How many sixths? How many 
eighths? 

Section C--Questions 

1. Write a few questions developing the use of circular regions for 
fractions equivalent to j . How many circles would you use? 
How would you partition them? e, 

2. would you ask children to use a compass to construct their own 
circles? Why or why not?. If not, hoW might you prepare or have 
children prepare the circular regions?^ 



Sections A through C have suggested experiences to develop an intui- 
tive understanding of equivalent fractions. Section D outlines a 
lesson that would begin to formalize this understanding, as v/ell as 
to develop a procedure for generating equivalent fractions. 



2. 



Section D 



Study the sets of equivalent 
fractions at the right. Cap' 
you give the next five frac-^ 
tions "Yor each set? 



What pattern or rule can you 
find to give an equivalent 
fraction? 

(After pupils discuss possi- 
ble patterns, you can devel- 
op the multiplication pat- 
tern.) Try multiplying both 
numbers by 2, by 3, by 4 and 
so forth. 



1 2 



3 

6' 



[2 4 6 
[3' 6' 9' 

(3 6 
\V 10 

fl 2 
\1\ 6 • 



9 

T5"' 



1 2 3 4 5 
II' 6' 7' l7' T?' 
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1^ 
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X 
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*\ 


X 
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X 


■4 




X 


4 



_ 3 
■ 6 
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Section D-rQuestions ' 

•1. What patterns do you note in the set of equivalent fractions 
shown in (1) above? 

2. Which rational numbers would you use to introduce equivalerrfc) 
fractions to children? In what order would you introduce them? 

3. Which of the approaches presented in Sections A, B, and C lends 
itself best to illustrating comparisons of fractions? 

4. . When you introduce equivalent fractions to children they will 

not^yet have studied multiplication of fractions. The multipli- 
cation procedure for generating equivalent fractions that was 
evolved above can-be explained in terms of multiplying fractions 

by fractions equivalent to 1^ Eow Jimul4-^my-^^ 

- — ^ Ik 

dure to children who know how to multiply fractions? 
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ACTIVITY 11 

USING EQUIVALENT FRACTIONS 



FOCUS: 

1 

This activity extends the concept of equivalent fractions and devel- 
ops some useful techniques for finding equivalent fractions. . 

DISCUSSION: 

Equivalent 'fractions name the same rational number. Sometimes it is 
jjsefuL_to_reW-icac^^ 
nominator. For example, it ^s often easier to use ^ and 3 in the 

3 and*4 . Some techniques for finding common denominators 
12 It y ■ 

will be developed in this activity. ^ 

Another application of the concept of equivalent fractions is 
the reverse process of "reducing" fractions to a simpler, or to the 
simplest, form. The fraction ^ can be rewritten as 3^ or ^ . Tech- 
niques for "reducing" fractions will also be presented in this activ- 
ity. 



DIRECTIONS: / 
1. Finding common denominators 

Three techniques for finding a common denominator. are presented 
here. Study and discuss each method, working the examples, 
a) Find a common deViominator by generating a set of equivalent 
fractions. 

i) List in order the next five equivalent fractions. 
3 6 

4' 8' , . . _ 



1 2 

3' 6' _, _, _ 
ii) Which fractions equivalent to | and ^ have a common de- 
nominator? 

82 



b) Find a conmon denominator by usinfl the product of the denom- 
inators. To find a common denominator, one may multiply the 
denominators. For example, a common denominator for g and^ 
I is 6 X 8 or 48. 

5 

i) Discuss how one might find fractions equivalent to g- e 
and |-with a denominator of 48. ; 

Hint : Complete the following: 

5 _ 5 X □ ^ 5 X □ ^ A • 



6 ~ _6x_-a.^-^^ 48 48- 



3 3 X □ . 3 X □ , A' 
8 8 X , 6 48 '48 

The coffimon denominator found by this method is . not al- 
ways the 1e , ast common denominator (LCD). In teaching 
children, there is some danger in overemphasizing the 
usefulness of finding the least (smallest) common de- 
nominator. 

ii) Find a corpmon denominator using the product-of-the-de- 
nomin.ators method and write equivalent fractions for 
the following. 

- 2 3 X i • i 4> ' 

5' 7 ^ 10* 5 9' 3^ 

c) Ffn(| a common denominator^ using the prime fact orization ^ 
method: This method results in finding the LCD and is gen- 
erally taught in the middle school- The* method assumes 
skill in renaming numbers as products of primes. r Study and 
discuss the example that follows. c? 

Find the LCD of ^- and | . 

t — — — - - - 

The prime factorization of 6 is 2 x 3. 
The prime factorization of8is2x2x2. 
The LCD is the gfoduct which includes the factors of each number: 
, 2' X 2 X 2 X 3 or 24 
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i) Why must the LCD include the factors of, each number? 
• Why does this method provide the least coimfcn denom- 
inator? ■ 
^ ii) For each of th/ pairs of fractions below usa this 

method to find, the LCD and use 'the LCD to write equiv- 
alent fractions. 

13 J^__— 1=-^ ^ Tc 

— W'^Tf" 9* 6 '10- 15 • 

' r 

iii) Discuss :^ What are some advantages and disadvantages 
of the prime factorization method? What other method 

' could you use to find the LCD? 
Finding the simplest form of fracti ons. (lowest terms) ^ 
In comparing the equivalent fractions | and we say that - 
is in simpler form than || because the "terms" (numerator and 
denominator) are smaller in | than in ^. But even 3 can be 
"reduced" to | . The procedure for generating equivalent frac- 
tions is to multiply numerator and denominator by the same num- 
ber. * • . 

a X n i . 
. b X n 

for example, , . • * 

and \^ are equivalent to 4. 

Conversely, the procedure for finding fractions in simpler 
fom is to divide each term by the same number. The procedure 
for finding the simplest form is to divide by the q . reatest com- 
mon factor,' e.g. , 
*^ _ Simpler form Simplest form 

12 P T 2 6 12 _ 12 ^4 ^ 3 

T6 = itTT = ? " 16 - 16 ^ 4 4 

^a) Find the simplest form for the following fractions: 

• 8 24^ 36 ii. iL 

if 5l 54 104 144 
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^) i5^alyze*the procedure you used in reducing these fractions, 
and outline the steps /Vou would {advise a ^h+kl to, use (in- 
cluding the justificati^on for each) irj reducing fractions to 
simplest form. V , 

c) The most efficient/way of finding a fraction in simplest 
pform is tp identify the greatest common factor (GCF) of ^the 

numerator and dei^ominator. To* find the simplest form of ^ 
we must find t\\k GCF of 18 and; 24. 1k) §iee-that the GCF of 
^8 and 24 is 6', note that the factors of 18 are 2^ 3, 6, 9, 

and the factors of 24 ^re 2,^^ 3', 4, 6, 8, 12s 24. The 
common "factors are 2,. 3, 6. *So the greatest corftnon facto/ 
is 6. Subdividing the numerator and denominator^ by 6» the 
. slmplc.-.t form can immediately be fouhd:_ 2 ' 4^I \ ~ f ' 
each fraction beTow\ find the GCF anil the simplest form. 

16 28 \ 36 24 

IS 4? / 54 - ^ 

d) Two nttfnbers are relatively prime if they have no, common fac- 
tors (1 always excepted),^ Give examples of five pairs of 
numbers that are relatively prime. 

e) "A -fraction is in simplest form if the numerSator and denom- 
inator are relatively prime." Do you agree or disagree with 
this statement? Give your reasons. ^ ^ * « 
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ACTIVITY 12 

ORDERING THE RATIONAL NUMBERS 



FOCUS: . ' 

It is sometimes important to be able to order rational numbers (i.e;, 
determine which is largest)'. In this activity you will learn how to- 
do this using equivaTentr fraction^. 

DISCUSSION: '• ' 

Chi Id.reV have little difficulty determining \Xhich of 
^ — - — ,two whole numbers is greater. The symmetry of'lhe 
\^ place value system and counting procedures provide 
insight and an intuitive "feel"' for order. The task 
, y , of determining jwhich of two rational numbers is 
greater, for example, ^ "'^ A ' '° ^""^ techniques are 

needed. A piclTorial technique' was developed in Activity 10. The use 
"of equivalent fractions will provide the basic technique for this 
activity. We will consider comparing fractions which have; 

1. equal denoininetors , ' . 

2. unequal numerators arjd upequal denominators, 

3. equal numerators. | 



DIRECTIONS 
1 



^ 



Equal Denominators ! 
To order rational number^ represented by fraction^ with equal 
denominators, .It is necessary only to 'compare the humerators 
Determine "Which number i^ each of the following pairs is great- 



er. 

'2 i 

'3' '3 



_3. 
12- 



J_ 
12 



9o 



6 

T' 



12 
7 



3i 3^ 
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Unequfi^l Denominators--Unequa1 Numerators 

a) f TthougK many rational number^ that aro compared have un- 
equ^r ^lejwmwt^ it is not difficult to write them with 
equal denominators, usin§( your knowledge of equivalent frac- 
tions. Determine»which r|umber in each of the following 
pairs is.greater by findiW equivalent fractions with equal 
denominators. * ^ \ 

2 1 6 '2 / 5 X i i- ^ 
7' 3 5' 8* 12 ; : 10' 9 

Locate each of the- fol lowinf^TJmberi^ on the number line be- 
low. ^ 



b). 



ii 



5 7 3 J_ 6 i 
6' 5' 7' ' 10' 4' 5 



Equal Numerators 

a) Fractions are easily compared if their numerators are equal. 
Determine which number in each of the following pairs is 
greater. (Do rjot convert the numbers so that their denomin- 

1 ators are equal . ) 

1 r 3 3 8 8 ii 

hi re 9 ' "^5' ^3 

br) In your own words, describe how you determine which of two 
numbers is greater .when the numerators are equal 

Cross-Product Method ' ^ 

If the denominators of the two fractions bein^^ compared are not 
equal, one techriique^loTaetermining which is greater is to 
multiply both fractions by the product of their denominators. 
The following Steps wil 2 ii;iust rate the "cross-product method" ^' 
for fractionT'l^lmd^lT'^^^^ ^ ^ 
a) Which is greater? | or |' ? 
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b) Multiply both by 5 x 3.. (5 x 3) x | = ^ ^ g ^ 

(5 x3) X f = 5 X 3 X 2 

c) Simplify each fr-action. ^ ^ ^ ^ = 3x3 = 9, 



5 

^ ^ ^ ^ ^ = 5 X 2 = 10. 

d) Compare the whofe^numbers. 10 i^ greater. 

3 2 

e) Which is greater? 5* o'^ 3 • (Remember 10 was the result of 
multiplying j by 5 x 3. We are assuming that the greater 
one is still greater after multiplying by 5 x 3.) 

Using the "cross-product method," determine which of the numbers 
in each of the following pairs is greater. 

3 2 5 2 Z i 8 1 

4' 3 • 7* 3 5' 3 ^9' 8 

Decimal Method (Decimals developed later) 

If decimals have been discussed, another way of comparing ra- 



tional numbers is to express thetns^ji^ecimal form. For example, 

the fractions j and |-, written as decimlis^are 0.333 and 0.4. 

Here it is easy to determine th^t 0.4 is greater than 0.33T, and 

7 1 ' 

hence that ^ is greater than -j. Use the decimal method to de- 

teV^mi'ne which number in each of the following pairs is greater. 

\ 1_ ± i i 3 

3* 20 25' 8 5* 4 

For each of the following problems, write a mathematical expres- 
sion that describes the situation. 

a) One weekend Matt was successful in picking the winners in 8 
out of 15 basketball games. The following weekend he picked 
10 winners out of 19 games. On^which weekend did Matt pick 
the greater fraction of the winners? 



b) The Blue Jay scout troop had 5 girls and 7 boys among its 
members. The Bear scout troop had 7 girls and 8 boys. 
WMch troop had the greater fraction of boys? 

Write a problem that might be represented by each of the follow- 
ing expressions. 

2 , 3 h^ 6 ^ 5 

^) 7^5 n'6 



TEACHER TEASER 

Little is known about the life of Diophantus, the Greek father 
of algebra, except his age at death, which has been preserved 
in the famous riddle shown here. 

Diophantus' youth lasted of his life. 

He grew a beard after »nore. 

After y more of his life he married.. 

Five years later he had a son. 

His son lived exactly ^ as long as 
his father. 

Diophantus died just 4 years 
afterwards. « 

How old was Diophantus when he died? (If you need the equa- 
tion you can find it on page 100.) 






98 

89 



ACTIVITY 13 

ADDITION OF RATIONAL NUMBERS 



FOCUS: 

In developing an operation like addition on rational^ numbers , one 
must be concerned with, the concept of sDm as well as with a process 
for computing sums. In this activity, you will be studying lessons 
that attend to both the concept and the process of finding the sum 
of rational numbers that are expressed as fractions. 

MATERIALS: 

Cuisenaire rods or strips of graph paper; elementary school mathemat- 
ics textbook series. 

DISCUSSION: 

Addition of rational numbers should be introduced us- 
ing Physical Embodiments or Pictorial Representations. 

As you recall from previous activities, the usual em- 
bodiments and representations for rational numbers are 
part of a 'set , part of a region , and the number line . In this activ- 
ity, you will find that the part-of-a-set embodiment does not work 
very well for operations on rational numbers. The development of 
addition of rational numbers in this activity has the following 
steps. 

Lesson 1 : Physical Embodiments and Pictorial Representations of sums 
of rational numbers expressed as fractions with equal and unequal de- 
nomiua'tors— no computations. 

Lesson 2: Embodiments and Representations of sums of fractions with 
equal denominators--sums computed. 

Lesson 3 : Computation of sums of fractions with equal denominators- 
no embodiments. 

90 





Lesson 4 ; Computation of sums of fractions with unequal derionfinators 
by expressing the fractions as equivalent fractions with equal denom- 
inators and then adding, as in Lesson 3— no embodiments. 

For example, to compute 

• . 1. 

3 

4. ' 



we find ^ = | 



and 



4- . So we can write: 



+ i= 3 
2 6 



5 

6 . 



DIRECTIONS: 

llork through these lessons as if you were learning. the material for 
the first time. You may want to work in small groups— taking turns 
playing the role of teacher. 

1. Lesson 1 , ' . 

Embodiments gnd Representations of Sums of Fractions 

Two pies were prepared for Thanksgiving dinner; 

^ of one pie was left, and ^ of the other. 
' Represent the remaining pie. 
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Use the browri Cuisertaire rod as l/the white as ^, the red as 
^, etc. Make a chart on the side, if you wish, with the appro- 
priate values. (You may use the strips of paper prepared for 
Activity 10 in place of Cuisenaire rods.) ^ 



1 1 

: 


' — '■ — ' 1 J » 1 — 

! brown j ' • 
. 1 t 1 1 


red 


It.; grp. 


w 





Embody ^+ |,''^^ng the rods or strips. 

Embody ^ + using the rods or strips. 

Embody |- + |, using the rods or strips. 
Q 1 

Embody + ^> using the rods or strips. 

Use .a numtjer line to represent the following sums. 





3.3 
7 7 



1 + 5 
8 



( I I I I I I I I M 1 I 1 1 

0 1 2 



! I I I ! I I I I I I M 



1 



I— ^ 



H h 



d 1 2 , 

Lesson l--QCiestions^ 

a) By the time children encounter addition of fractions, they have, 
already had considerable experience with addition of whole num- 
bers and with the representation of rational numbers as frac- 
tions. Explain how each part of Lesson 1 builds on this pre- 
vious experience. 

b) Are the commutative and associative properties for addition true 
for rational numbers? Give examples to illustrate your answer. 
These properties are discussed in Appendix B. 
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Detennine the appropriate teaching order for the following addition 



problems. Give reasons for the order you have selected. 



a) 





2. Lesson 2 . 

Determination of Sum of Fractions with Equal Denominators from ^ 
Embodiments and 'Representations 

Return to Lesson 1 and determine each of the following sums by 
analyzing its embodiment or representation. 



Look back at these examples/ Do you see a way to compute the 
sum without referring to the embodiment or representation? De- 
* scribe the way. 

Lesson 2— Questions 

a) Use one of the three embodiments and representatvions (circles, 

11 

strips or rods, number line) to determine the sum j + 3 • How . 
does this example differ from those in Lessons 1 and 2? What 
special problems does this difference cause? 

^12 

b) Use a part-of-a-set model to embody y + 3 • What problems do 
you face here? 

3. Lesson 3 ) 



Adding Fractions with Equal Denominators without Embodiments or 
Representati ons 

i + I can be thought of as "one of something plus two more of 



1 + 1 - 
7 7" 
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that thing." Thinking of it in that way, it is natural to write 

5*55- 

Verbalize each of the following as "so many of something plus so 
many more equal . " to deffermine what each sum equals. 

12 4 ^ 6 _ _1L + -iL 

^+1= 5" 5 - ' 731" 731 

State a rule or algorithm for adding fractions with equal denom- 
inators. Then use your algorithm to solve the following. 

14 9 JL + JL = 

i^hl- ^ 315 



Lesson 3— Questions 

Where does the "so many of soniething plus so many more ..." language 

2 3 

break down on a problem like 5 + f • 



4. Lesson 4 

Adding Fractions with Unequal Denominators 
Now the children know what addition of rational numbers means, 
"and they know how to add fractions that have equal denominators. 
It is time to learn to add an^ fractions using the following 
facts: 

Equivalent fractions represent the same rational num- 
^^"■"^^ ber. If two fractions have unequal denominators, two 
"N. \^ additional fractions can be found that have equal de- 
nominators and are equivalent to the first fractions. 
So, presented with the problem of adding a pair of 
» fractions with unequal denominators, you should find equivalent, 

fractions with equal denominators, and then add them, using the 
skills that you have already developed. 
For example, to find -J- + |, we proceed as follows. 
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i\ Find equivalent fractions with equal (cornnon) denomina- 
tors; e.g. , 

1.6 ' 5 . 2b 

T - 2? 6 " 24 

ii) Add the new fractions. • 

• 6 . 20 J 26 
^ 24 2T " 24 

iii) Represent the sum as the sum of the original fractions. 

1 + i - 26 

4 6 " 24 . 

12 

Go through the above three steps to find + -g- . 

1 - 

5 " 

ii) 

....1.2. . " 

4*5" 

Apply the above steps to the following problems . 

1.1 1 + 1 - ' i- * ii = 

i + 3 = . 4 8' 32 * 40 

In several of the above examples, the coitmon denominators may 
have Seen l&rger than they needed to be. Activity 11 provides 
several appropriate approaches to developing techniques for 
finding the least common denominator . 

Several elementary school te)^tbopks use the number line to de- 
velop addition of rational numbers. Study such a development 
and give" two advantages and two disadvantages (rising from po- 
tential ambiguities) for such an approach. (For example, does 
the number line model fit all situations? Do children have ex- 
peri e?nce with mea^rement?) 
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6. What difficulties do you feel children will most frequently en-^ 
counter in addition of' rati ona>^ numbers? 

7. Devise one activity for children to promote practice in' addition 
of rational nuiriDers. (You may find some suggestions in th^ 
teacher's editions. of elementary school textbooks.) 

8, Write mathematicctl sentences that represent the following prob- 
lems. Then solve the problems. 

1 2 

a) The recipes for cookies, a pie, and bread call for 22"t jt 
and t)^ cups of flour, respectively. How much flour is 
needed- to make alF three items? 

b) At the celebrated Calaveras County Frog-Jumping contest, 

each entrant is allowed three jumps^ One ambitious amphib- 

3 2 1* • 

ian was able to accomplish 6^ feet, y^-'feet, and 5^ feet. 

What was the total length jumped? 

9, Write a real-world problem that might be represented by each of 
the following mathematical sentences. 

a) b) 4|.2i ^ 



1 (\'^ 



ACTIVITY 14 . . 

SUBTRACTION OF RATIONAL NUMBERS 

— . ^ — 



V 



FOCUS: 

lf\ this activity, you will have an opportunity to compare subtraction 
and addition of rational numbers and to note areas of difficulty per 
culiar to subtraction. . 

DISCUSSION: 

As with addition, the sbb traction of rational numbers is easiest to 
embody or represent by using models with the same number of subdivi- 
sions. In these "equal denominator" situations, the representation 
is analogous to the "backward hops" on the number line used with in- 
tegers and to the "take awayl' model used with whole numbers.- 

Sq we will proceed, as we did with addition, t6 present •the con- 
cept of subtraction using the "equal denominator" situations. Then 
we wi<ll learn to compute subtraction of fractions with equal denomin- 
"ators, and finally we will convert unequal denominator problems into 
equal denominator ones. 

Region Model 

To illustrate subtraction using the region model, consider the prob- 
lem: 



eMBOPlAAENTS 
COUUD AUSO 
HELP OUT. 




3 4 
Here ^ is removed, to leave 



9r 



. " Measurement Model 

The typical pictorial representation. used in a measurement model is 

the number line, ^he jumps on the "number line below illustrate the 

4 3'" 
solution to the problem, -g- - g- . 




DIRECTIONS 
1 



a) What previously learned representations could you refer to, 
in a child's experience as a basis. for developing each of 
the above representations? 
1) State a rule for subtracting fractions with equal denomina- 
tors. 



c) Compute each of the following. 



i 
3 

2 
4 

.4 
3 



53 
271 

li 

17 ■ 

296- 
513 



27 
" 271 

n. 

17 

171 
' FIT 



2. Referring to the Discussion above and to the models developed in 
Activity 13, outline an introductory lesson using either: . 

a) a circular region mod\l , or 

b) ^ a number lin'e model, 

to develop the concept of subtraction of rational numbers.^ 

3. As we said, to deal with unequal denominators, just find equiva- 
lent fractions with equal denominators and proceed as in (1) and 
(2). Compute each of the following. • . 
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2 1 3 i 2 - - 

3 " 2. . 13 ■ IT • - 3 

1-1 29' ± , 5 , 

7 ' ,6^ , ' 1^ " 40 ■ 

32 " '16 . 10 100 /2 3 



4. Study the examples below. Put them in an appropriate sequential 
iftstructional 'order. Juftify your order. 

- a) 3f - 4 b) li-l > 



^ . c) 14 ■ d) 4| - li 

e) 2-i f)'!-^ •' c 

5 '2 h) 3^-1^ ' 

g) 6 - 5 5 ^3 

5. For two of the examples inV) above, write an appropriate ob- 
jective. For example, for j:j one migbt-say: ' "to subtract 
^simple fractions having a commbn denominator without 'borrow- 
ing.'" ^ 

15 

6. In the example at the right, children 3^ = 2j 
must rename a whole number asga frac- . il = il 
tion before subtracting; that is, 1 = ^ . 

a) In what way is this procedure similar to af procedure used 

in the subtraction of whole numbers?— for example, 43 - 17? 
. * . 4 . 

b) What concept is involved in the rewriting of 1 as^ ? Give 

an" Illustration of the type of exercises you might give to 
help children acquire that concept/ (You might fipd it 
helpfH^l to refer .to the region model .of j.) 

7. Introspection,- or analyzing your own thinkings can often be 
helpful in gaining some insights into an appropriate teaching ^ 
sequence. Th^ analysis of an algorithm is particularly belpful 
when trying to assess causes of (5upil errors. As you work the 
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subtraction example given below, analyze each step you take. 
Briefly record, these steps. The analysis miglit begin this way: 

i) "I notice that the example 

is a subtraction example." , a 

ii) "The denominators are not 
equal ," etc. 

8. Identify the step(s) in the subtraction example that you think 
would require new learning skills or present difficulties for 
children. Explain your choic?. 

9. Tfiroughout this activity, the examples have included only posi- 
tive numbers. This has been" done because only the positive ra- 
tionals are taught in the elementary school and because itVelps 
to emphasize methods for explaining the operations. The setV 
rational numbers, however, includes both positive and negative 
numbers. In performing the operations on negative rational num- 
bers, one uses the same algorithms. Further, the techniques for 
determining the sign associated with the answer are the same as, 
those you discovered in your work with integers in Section I. 
Compute each of the following, using these rules. 

a) -TT^ ^) 7 ■ 12 

c) (^) - (^) d) (-4) + 2| 

10. For each of the following real-world' problems, write a mathemat- 
ical sentence that will help you solve the problem. Then find 

• the solution. 

3 

a) The opening price of a certain stock was listed at 68g on 
Monday morning.'' By the end of the week, it was listed at 
^l| . How much hadjt dropped in five days? 



^tlfi^^guatctan fbr Teacher Teaser on page 89 is: 
'\ V* |. + X ^ X ^ X ^ ^ ^ where x is his age. 
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b) In 1913, the record time for the mile run was 4 minutes, 
14^ seconds. In 1975, the record was 3 minutes, ^49^ sec- 
onds. How mudh less time was needed to complete the' race in 
1975? 

Write a real-world problem that could be solved by solving each 
of the following sentences. 

a) 4- 2^ r.- |-| 
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ACTIVITY 15 

MULTIPLICATION OF RATIONAL NUMBERS 



FOCUS: 

In this activity you will have an opportunity to study a model that 
is commonly used for introductory work in multiplication of rational 
numbers. Then you will work on the algorithm for multiplying frac- 
tions. 

MATERIALS: 

Elementary school math textbook series 
DISCUSSION: 

In introducing multiplication of whole' numbers, one of the models 
used was the array. For the multiplication problem 4 x 5, the region 
was partitioned into 4 units by 5 units. 
In a somewhat similar fashion, the con- 
cept of a region and subregions is used 

in multiplication of rational numbers. 

The main difference is that the total " 

region used is considered as representing ^ ^ 

1 unit. The factors involved in the 

multiplication subdivide the unit. Thus, ' ' * ' 

i X I" can be seen as 1 subregion out of 
the total of 6 subregions. The typical ^ 
.language used in the elementary school ^ ^ 

is "|-o^ J'" The mathematical interpre- ^ 
tation of "of" in multiplication with 2 
fractions is "times." You may wish to 
discuss in class the relationship between 
"of" and "times" in multiplying fractions. 
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DIRECTIONS: " ' ^ 

Study the model presented below, and then discuss and answer the 

questions that follow it. 



MODEL: THE REGION 

1. *Suppose three boys had a very 
large candy bar to share. John 
got ' Show 



2. John decided he would not eat all 
of his share at once. Instead, he 
ate J of his. share. Show j of 
John's share. 

3. What portion of the entire candy > 
bar did John eat? 

4. i X y means the same as ^ of y . 
What is i X ^ ? 



of T = r . 



2^ 3' 6 



*This example could be carried out using a paper-fold- 
ing technique. Fold a piece of paper into thirds. 
Keeping the paper folded in thirds, fo d it in half. 
Now shade the resulting folded shape with a marker. 
Unfold the paper and show that ^ of the total area 
has been shaded. 
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Make a drawing using the region model for each of the following 
examples. 



a) fxf 



b) ixf 



c) |x| 



In multiplication with whole numbers (other than 0), the product 
is always greater than or equal to any of the factors. How 
would you explain to a child that the product is less than the 
factors when using fractions less than 1? For example, 

2/36* 

Study the models and the associated number sentences. Once the 
concept of the product of rational numbers has been developed, 
could a pattern for the multiplication algorithm be discovered 
from examples of this sort? Do you think the rectangular or the 
circular region model would be easier for a child to grasp? Or 
does it make' any difference? 




4. Place the following examples in order of difficulty. 

2 
3 



a) 3| X 6~ X 9y 



c) ix2 
e) Ix^ 



b) 3jx| 



d ) if X 2i 



J 
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Mark the' foil owing examples as true or false. Correct the false 
ejjamples. 

a) 2^ X 6^ = 6|- X 2| 



b) of x2^) x6|=3|x (2ix6i) 

c) 3| X 2^ = (3 X 2) + (| X i) , 
. d) 3| X 2| = (3 + |) X 2| 



e) 4x 2|= (3 + |) + (2 + -|) 

6. a) State a rule or algorithm for multiplying, fractions, 
b) Apply your algorithm to compute each of the following. 

1 1 Mivii 
2^3 732 ^ 69 

7. Which of the following properties* hold for multiplication of 
rational numbers? Give an example (or counterexample) for each. 

a) Associative property 

b) Commutative property 

c) Distributive property (over addition) 

d) Closure 

8. Study the development of multiplication of rational numbers in 
an elementary textbook series. Record for discussion any simi- 
larities or dissimilarities to the presentation in this activ- 
ity. 



*These properties are discussed in Appendix B. 
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9. The analysis of an algorithm is particularly helpful when try- 
ing to assess causes of pupil errors. As you work the multipli- 
cation example given below, analyze each step you take. Briefly 
record these steps.. The exercise might begin this way: 

a) "I notice that the example is a multiplication problem." 

b) "The fractions are mixed." • 

10. Identify the step(sj in the multiplication example that you 
think would require new learning skills or present difficulties 
for children. Why? 

11. a) A fast turtle can go ^mile in an hour. At this rate, how 

far can he go in 24 hours? 

b) The United States goverrtment has calculated that the aver- 

2 

age household spends -g- of its income, on food. If the gross 
weekly pay for a family is $175, what should be the amount 
that is spent for food? 

12. Write a real-world problem that could be represented by each of 
the following sentences. 

a) ijx 2| b) 2|x (3^) 




ACTIVITY 16 

DIVISION OF RATIONAL NUMBERS 



FOCUS: 

In this activity you will have an opportunity to stucly and discuss 
developmental activities and problems- associated with division of 
rational numbers. ^ 

DISCUSSION: 

Whenever possible it seems important to use Ph)fsical Embodiments or 
Pictorial Representations in introducing a concept to children. In 
particular, we have made an effort to present embodiments and repre- 
sentations of rational numbers, the operations on them, and the cor-, 
responding computations with fractions. Division of rational numbers 

poses special problems. Most em- 
t)bdiments and representations 
that have been proposed have 
proved to be harder than the con- 
cept of division itself. Perhaps 
a Nobel Prize in mathematics edu- 
cation Should be given to the 
person who discovers a good phy- 
sical embodiment or pictorial representation of division of rational 
numbers. In this activity, we will present a "concrete" embodiment 
which introduces the concept of division of rational numbers; and 
then we will proceed to develop computational procedures for dividing 
fractions, with Mathematical Relationships leading the way. 

DIRECTIONS: 

1. You recall that there are two standard situations that call for 
division of whole numbers. 
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There are 20 objects to be divided into 4 equal sets; how many 
in. each set? 



How many in each set? 



There are 20 objects to be separated into sets with 4 objects in 
each; how many sets? ^ 



How many sets? 




Both of these situations call for computing 20 t 4. 

There follows a division situation for rational numbers that is anal- 
ogous to one of the above. Study it and ^hen answer the questions 
which follow it. 

EXAMPLE 

Mr. Jones uses j bag of cement for each section of sidewalk he pre- 
pares. 

a) If he has 1 bag, how many sections can he prepare? 1 ^ j = 3. 



1 
I 



i 

4 
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b) If he has j bag, how many sections can he prepare? | ^ 3 ^ 



1 



2. 
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11 
3 6 

Since 1 is i of k he can prepare 1 section plus ^ of a section or l| 

6 Z J 
secti ons . 

2 1 

a) Devise a similar story to portray 3 ~ 4 • 

b) Discuss how helpful you feel such stories are. 

c) Discuss the following story problem as a possible introduc- 
tory situation for division with fractions. 

Ms. Han has 4 c"PS of sugar. It takes l| cups for 
each batch of cookies.' How many batches can she bake? 

d) Which of the two standard division situations mentioned 
above is embodied in the cement example, the cookie example, 
and the example that you made up? 

Three methods of division with fractions will be presented here. 
Each method is presented using portions of child lessons which 
are boxed in. In addition, the child lesson is amplified and 
discussed at an adult level. Be sure to work through the child- 
level presentation as well, making sure you understand the 
adult-level explanations, and answer- any questions that are 
asked. Be attentive to identifying possible sources of confu- 
sion for the child. Discuss each procedure to be sure you 
understand and could explain it. 
a) Inverse Relationship Method 

The child is already familiar with whole number division and 
with multiplication of fractions. Here, through a series of 
examples, the child is encouraged to see that: 
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i) A division sentence can be written as a multiplication 
sentence; for example, 

12 ^ 4 = and ^ = 12 X ^ 

or 12 T 4 =^12 X ^ 

In general : ^^'^"F'^^F 

ii) There is a pattern between two of the numbers of the 
division and multiplication sentences; for example, 4 
and ji 3 and y, etc. In general, writing a multiplica- 
tion sentence for a division sentence one writes ^ in 
place of b; that is, 

aTb = aXj^- / 



Portion"of Child's Lesson 
Solve each of the division and multiplication sentences, 
Division Sentence Multiplication Sentence 



12 T 4"= 12 X |- = 

9t3= 9x^= 

4 T 2 =^ ■ 4 X |- = 

5 T 5 = 5 X jo= 



What numbers are different in the two sentences? How are they 
related? Writhe multiplication sentences for the following: 



15 T 3 = 
18 T 6 = 



Now the child is introduced to the notion of the multiplica- 
tive inverse of a fraction. Two numbers are inverses if. 
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their product is 1. Thus, j and 4 are inverses, as are y 

- 3 1 

and J, as well as b and p since - 
^ i y-4 - 1- i X i = 1- b X i = 1 

Portion of- Chi Id's Lesson 
Find an inverse for each number. -^Check by finding the product. 



Number 


Inverse 


Product 


4 


1 
4 


4 X ^ - 


3 


















2 

3 - 


3 

2 


3 2 


3 

'2 






1 
4 






12 ., 
4 






• f 







Firtally the child is asked to write a multiplication sen- 
tence for any,division sentence, replacing the divisor with 
its inverse. C It is not inappropriate to allow the child to 
discover that this is equivalent to "inverting the 'divisor" 
and multiplying. Note that an appropriate order of develop- 
ment is to solve 
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' i) a whole number divlAied by a whole number; 
^ ii) a whole number divided by a fraction; 
.iii) a fraction divided by a fraction. 



Portion of Child's Lesson 

Write a multiplication sentence for each of the following divi- 
si on sentences . Solve . 



Division Sentence 


. Multiplication Sentence 


18 V 9 


1 1R 
18 X i = ^ 


15 f 4 ■ 












* 8 V i o 




2.3 








5.6 . 




7^5- 




. 





^0 



b) Common Denominator Method 

Another method presented in current textbooks for dividing 
with fractions is the common denominator method. Children 
have had practice in finding common denominators for adding 
and subtracting with fractions, so that'this prerequisite 
skill has be^n established. 
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Portion of; Child's Lesson 

Study the example beldw which uses the copon,. denominator meth- 
. od and then solv^ the examples ^r.'.low using this method. 

7 ' 5 ■ . i _ 15 ^ _4_ 
8 ^ 6 " 24 • 24 

* • = 15 ^ 4. 

24 V 24 - 

" «• 3 15- ^ 4 

1 - ► . 

- 15 



The first'step calls for the child to find a common denomi-^^ 
nator. The stecond step seems reasonable to children even 
though it is hard to explain directly. You can see (with 
some concentration) that it is true, as follows: 



li . ± 1^ V 24 15 X 24 : 15 X ^4 -15^24^ii^24 

24 • 24 " 4 K 24 X 4 " 4 x 24 " 4 ^ 24 4 * 24 

' ' 15 ' , 

_ 4 _ 15 T 4 



24 24 f 24 

- . \ 24 • • / 

1) Try to see If you can justify each equ'allty In the 
above chain. 

11) Use the common denominator method to solve each of the 

following.' - , 

a) ?r 3 - 5 ^ 6 

C)-. J V g- ^ d) Ij . 5 

e) '2| . if f) 2i . 3i _ 
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c) Complex Fraction Method 

In presenting this method to a child, you should keep the 
^ -following facts in m1*nd. You know that any indicated divi- 
^ ^ ^.^ slon can be written as a fraction. For example, 8 v 11 can 

H. o 11 

/ .be written as . In a similar way, y -J- y can be written 

'as 

. • . J. : ■ 

2 

The complex fraction method isj based upon the following con- 
cepts. 

7 

. < 8 5 3 
5 

ii) a X 1 = a for any number a. 

iii) 1 can be written in an infinite num^ier of ways: as 

1 . " . 



^ ^ I. 4- . etc. 



3* 1 

2 ^ 



* 


Portion 


of Child's Lesson 


study the example below an 


d discuss each step before working 


the examples that follow. 


7 






7.3.8 






8 ■ 5 " 3. 

5 ; 






3-5 










"5 ''3 

I- X i 

• = 8. ^ 3 ■ ^ . 

= 7\. 5 s 35; ' - . 
8 3 24 . 
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Use the complex fraction method to solve the following ex- 
amples. 

a) 5 ' 4 ^1 ■ 9 ^1 S • 7 

* 

How i^s the complex fraction method similar lo the inverse 
relationship method? Which of the above methods do you feel 
-would be easiest to explain to a child? 

Put the folTbwing examples in an appropriate teaching sequence. 
Justify your sequence. ^ 



.X 1 . 3 
— ■ 3 ^ 4 

c) 4 V i 

4 ^ f 

Tell which of the following are true and which are false. Coj- 
rect the false examples. 

a) 3y V 2^ = Jj- X 

b) 3j r 2| M3 V -2) + (j ^ ^) ' 

c) 3i.2i= 21^4 

d) (l|^\4) '^h'^l' ^4 " 4) 

In division with whole^numbers (except when dividing by^l), the 
quotient is less than the dividend.. In division with fractions 
this is not always true. Discuss. When is the quotient great- 
er than the dividend? Why does this occur? 

Throughout this activity, the exaifiples have included only posi-^ 
tive numbers. This has been done*because only the positive ra- 
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tionals are taught in the elementary school and because they 
help to emphasize methods for explaining the operations. The 
set of rational numbers, however, includes both positive and 
negative numbers. In performing the operations on negative ra- 
tional numbers one uses the same algorithms. Further, the tech 
nicrues for determining the sign associated with the answer are 
the same as those you discovered in your work with integers in 
Section 1. Answer each of the following problems using these 
rules. ' ^ 

a) (-|) X y - 

b) (-|) X'(-lf) 
X) (3f)M«|) 
d) (-2^) ^ (-li) 

7, -For each of the following real world problems write a mathema- 
tical sentence that will help you solve the problem. Then find 
the solution. 

a) An elementary schooKclass made scarves for a money-making 
project. They needed ^ of a yard of material for 1 scarf. 
How many scarves could they get from 3^- yards of material? 

b) Mr. Smith bought a bicycle for his 3 children to share. On 
one afternoon they rode the bicycle for 2| hours. If they 
actually did share the use of the bicycle equally, how much 
time did each one ride? 

8. Write a real-world problem that could be represented by each of 
the following sentences. ^ 

a) 8 V li b) (-li) 
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ACTIVITY 17 ' 

ANALYSIS OF ERROR PATTERNS 'FOR RATIONAL NUMBERS ;i 



FOCUS: 

What happens when you get all through teaching some aspect' of ration- 
s-numbers to a child, and he still can't solve the related problems? 
An impor^arrt-p^t r-f an elementary school teacher's job is the con- 
tinual analysis of the- problems children encounter when completing 
mathematical exercises. This actjyity will provide. several examples 
of common errors made by children when working with rational numbers. 
An opportunity will be provided for you to recommend^ossible causes 
for these. errors and remedies to the causes. 

DIRECTIONS: . . 

1. Carefully read each worksheet that has been completed by an ele- 
- mentary school child. You should note the kind of error you 
^ observe for each child, 

•2. For each worksheet: 

a) Describe in words the error pattern that you have noted. 

b) Work the last two computations (the ones in the box) as the 
child might have. 

c) \ Suggest an activity that might have prevented^is error 

pattern--or that you might use for remediation. 

Worksheet I has been completed for you, in. order to suggest the 
' kilids of analyses and responses that you might give. 
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WORKSHEET I 

Name: 



A. 



C. 



E. 



5^5 T 5^^-75 



7 5 13 M ^ -I IS 



Error Pattern- Noted; 

In adding fractions with unequal denominators, Jim is adding numer- 
ators and denominators. 

Diagnosis of Possible Causes ; 

• Jim may not have learned how to find common denominators, so he 
adds denominators, not knowing what else to do. The fact that 
'he solves the common denominator, problems accurately, suggests 

this. 

• Jim*s problem may lie deeper. He may not have grasped any one 
of the three concepts: equivalent fractions, addition of ra- 
tional numbers, and rational numbers. 
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Possible Remedial Steps : 

You might start investigating by asking Jim why he adds denominators 
sometimes but not always. Then, depending on Jim's answer, you could 
work your way back through finding coninon denominators, equivalent 
fractions, addition of rational numbers, and rational numbers. In 
each case, provide Jim with introductory activities to see that he 
grasps the concepts. Listen to what Jim says for cues. 




TEACHER TEASER 

A man's. wi1T provided that his horses should 
be shared among his three sons as follows: 
|- to his oldest son, -j to his middle son, and 

to- his youngest son. Unfortunately, the 
man had only 17 horses when he died, and the 

sons realized that | of 17, 3- of 17 and j 
of 17 would not give whole numbers of horses. 
The lawyer administering the will agreed to lend the sons a 
horse so that they would have 18 which they could share as 
follows: 9 {jof isfto the oldest son, 6 ( j of 18) to the 
middle son, and 2 of 18) to the youngest son. But this di- 
vision of the 18 horses uses 9 + 6 + 2 = 17 horses so they re- 
turned the extra horse to the lawyer. The three sons were 
satisfied with this solution to the problem, but the fact re- 
mains that 17 horses cannot be divided evenly in halves, 
thirds, and ninths. What is wrong? 
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A. 

E :^xa. -L± 



Error Pattern Noted : 
Diagnosis of Possible Causes ; 
Possible Remedial Steps : 




WORKSHEET II 



Name: 



D. 4- X ^ ^ ^ 



F J- x3- - k 



3^3-: 



WORKSHEET III 



Name 



C- T.% - Via 



Error Pattern Noted; 



Diagnosis of Possible Causes : 



Possible Remedial Steps: 
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WORKSHEET IV 




Name: Jc^n© 


A. lie. * 


B. -S. 


C. 1^- it 

' ^ ■ 5 /5 




5 • S /o 


-7 . -J /S 

* • n ' 49 


G. 5- - it . 
do • -7 - 


0 


Error Pattern Noted: 




Diagnosis of Possible Causes 




Possible Remedial Steps: 
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^ACTIVITY 18 
SEMINAR 



FOCUS: 



Rational numbers are a topic of major Importance in the elementary 
school mathematics curriculum— and a particularly difficult topic to 
teach. Teaching rational numbers is difficult because there are 
several aspects that are more complicated than is true for whole 
numbers (e.g., order, equivalence). This activity will provide an' 
opportunity to discuss some of these difficulties* and to gain some 
perspective for ybur future teaching. Some possible questions are 
raised to instigate your thinking and the class discussion. 

MATERIALS: 

Elementary school mathematics textbook series. 
DIRECTIONS: 

1. Examine a textbook series and list the major ideas related to 
rational numbers developed in each grade., (Use the topics of 
Activities 6 through 17 in this section as a guide to your list 
of topics.) 

2. What are the key Ideas that must be carefully developed for 
each of the operations with fractions? 

3. Why might children have some difficulty in determining which of 
two fractions is cjreater? (Do they have the same difficulty 
with ordering whole numbers?) 

4. Children expect a "bigger" answer for multiplication and a 
"smaller" answer for division. (The bonds relating multiplica- 
tion to "bigger" and division to "smaller" have been well estab- 
lished with whole numbers.) Hovr^can you help children see that, 
the opposite is true with fraction^ numbers less than 1? 

\ ' 
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^*5. Do physical referents always help? Are there some instances in 
which the explanation of the model is more complicated than the 
process it purports to explain? Give some examples. 



TEACHER TEASER 

A grasshopper standing at one edge of a 
road wants to jump across to the other 
sidefof the road, but because there is 
a headwind he covers only ^ of the 
distance across on his first try, so he 
jumps again, and although he aims to 
land just at the edge of the road, the 
headwind again reduces his jump by tq. 
The grasshopper jumps again and a^ain, each time covering "Jg 
much as he intended. Show (1) that he will never get all the 
way across the road, and (2) that if he makes an infinite num- 
ber of jumps, theJ;ota1 distance he covers is exactly the width 
of the road . 
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Section 



MATHEMATICS 
OF THE RATIONAL NUMBERS 



The activities in Section II presented the mathematical content and 
pedagogy of rational numbers as they relate to the elementary school 
curriculum. You had an opportunity both to strengthen your own un- 
derstanding of rational number concepts and to consider techniques 
for presenting these concepts to children. 

Section III engages you in some more formal consideration of the 
material that was presented informally in Section II. For example, 

•formal definitions of the addition, subtraction, multiplication, and 
division of rational numbers will be introduced. The formal proper- 
ties satisfied by these four operations on the set of rational num- 
bers will be developed and contrasted with those properties that are 
satisfied by the operations on^the whole nurribers. Observing these 
similarities and differences should heJp provide perspective on the 
whole numbers and rational numbers, which are the two primary objects 
of study in the elementary mathematics curriculum. 

In addition to formalizing topics that were d.eveloped informally 
in Section II. Section III introduced the density of the rational j 
numbers and provides some introductory work with the concept of a , 
. group , which is an important unifying concept in mathematics and fts 
appl i cati orfs . 
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MAJOR QUESTIONS > 



1. Give generalized definitions of the four operations on^the set 
of rationarl numbers. Illustrate each with an example. 

2. List the properties of the system of rational' numbers 4 Which, 
of these properties hold for the system of rational numbers, 
but not for the system of whole numbers? 



Several topics are discussed in this section, 
what eachyof the following means: 

a) The rational numbers form a dense set. 



Briefly describe 



b) The set ''of rational numbers ^ with tfte .operation of addition, 
forms a ^roup. 



TEACHER TEASER 



cents. 



To motivate his son to do his homework 
carefully, a man agreed to pay his son 
a dime for each correct problem, and to 
fine him a nickel for each incorrect 
problem. There' were 30 problems, and 
it turned out that the boy ea^^ned 90 
How many problems did he get right? 
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ACTIVITY 19 

SUMMARIZING THE OPEfWTIONS AND RELATIONS FOR THE RATIONAL NUMBERS 



FOCUS: . . / 

This acti vUy win* serve to summarize formany sonie of the results 
that were' observed informally in Section II; You will develop a gen- 
eralized definition of the operations of addition, subtraction, mul- 
tip1icati(Jn,'and division, and the relations of equivalence and 
order. . « 

DIRECTIONS: 

1. Review-the operations as they were described in Section II. 
Using the results that you observed there, write a general rule 
for addition, subtraction, multiplication, and division. That 
is, write a rule 'that tells how to operate on any two rational 
numbers that might be. selected. 

Check your rule by applying it to a numerical example. The case 
for addition, has been done fdr you. <, 

ADDITION: ' 

For a, b, c, and d, where b ^ 0 and d ^ 0, 

a . c . -ad . be _ ad be 
b d'bl bd'bd 

2^4 2-5 . 3-4 _ 2i#Uji _ 22 
3 5 " 3^ 3-5 " 3-5 " 15 

SUBTRACTION: 
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MULTIPLICATION: 



S 



DIVISION: 



2. Some of the following problems have been incorrectly worked. 
Correct those that are wrong and give at least one guess as 
why or how the error was made: 



c) 
d) 
e) 
f) 

g) 

i) 
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7 


10 




8 " 


12 




2 _ 


10 




3 ~ 


3 


15 


6 . 


9 


10 ■ 


■ 5 " 


10 !• 


8 

12 ■ 


1 

■ IT 


2 

" 12 ' 


15 


. 3 . 


5 


.8 


' 8 " 


8 




°8 


15 12 


" 27 




1 


2 6 




2 " 


5/70 


1* 




5 35 

6 " R 


8 


. -3 . 


. 2 


27 


' 4 " 


■ 9 


3 X 


3 _ 

4 " 


9 

12 



_5_ 
12 
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3. a) Write a general rule for determining the order of two-ra- 

tional numbers; i.e., determine when it is true that g- < 3- • 

b) Indicate which of the following are true and why or why not. 
2,1 3.1 ni < 110 

I < 2 4 5 213 214 

9 < 10 ' • i< i 1 < I 

§■ ^T , 3^2- / 4 

4, a) Write a rule stating when two fractions are equivalent. 

b) Indicate which of the following are true and why or why„not. 

J and |- are equivalent. i • 

1^ 

|- and -y- are equivalerrt. 

fin * 

16 and ^ are equivalent. 
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ACTIVITY 20 

A GEOMETRIC LOOK AT EQUIVALENT FRACTIONS 



FOCUS: 

This activity provides an opportunity to explore a geometric repre- 
sentation of sets of equivalent fracti.ons. 

MATERIALS: 

Ruler, graph paper. 

DISCUSSION: 

You may have seen that the rational number represented by the frac- 
tion ^ is also represented by the ordered pair (a,b) and that the 
ordered pair (a,b) also represents a. location with respect to coor- 
dinate axes. This relationship will enable us to geometrically visu- 



e.g., |.— > (2,3) 



(3^5) - ^ location of point 

1 • (2.3) 



I I I I I 



alize relationships among fractions. In particular, we will attempt 
to visualize sets of equivalent fractions. There will also be some 
reverse associations attempted. That is, from geometric observations 
we winjook back to see what might be true about equivalent frac- 
tions. This means jthat we will follow the arrows backwards: 



a 



^ ^ {a,b) 4 geometric location 



i i 1 i i_ I 
2' 4' 6' 8' 10 r 

Write the set of ordered pairs associated with the above set of 
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equivalent fractions. 
{(1.2). ( ). 

a) Plot the points represented by the ordered pairs in the set 
of exercise 1. 

10-- 
9-- 



o 



o 
z 
m 
a 



8-- 

7" 
6-- 

5-r 

4-- 

3-- 
2-- 
1-- 



I I I I I I I I 



0 i 2 3 4 5 ' 6 7 8 9 10 
' NUMERATOR • 

b) Place a ruler along the plotted points. What do you notice 

about the set of points you have plotted? 
Write the set of ordered pairs associated with the following set 
of equivalent fractions. 

I2 4 6 J_ lOl 
\T 6' 9: 12' 15 J 

a) Plot the points represented by the .ordered pairs inXthe set 
of exercise 3 on the graph on the following page. ^ 

b) What do you notice about the set of points? 

Write ordered pairs for each of the following sets of equivalent 
fractions: 

a) [1 2 3 4 _5_1 
*^ I2* 4' 6' 8' 10 J 

(-2 4 6 8 lO-l 
°> \r 6' 9' 12' 15 J 

^ fi i i_ 12 li 1 
CJ [4. 8* 12' 16' 20 J 
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e) 



o 



z: 
o 



1 2 3 4 i_ 

J* 8* 12* 16* 20 

i 2 3 X X 

3* 6* 9' 12' 15 



15-- 
14" 

13 

12-- 
11-- 
10-- 
9-- 
8-- 
7-- 
6-- 
5_-- 
4-- 
3-- 
2-- 



Graph for (4) 



1-- 

0 



I I ! I I I I I I I I i I I I ► 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
NUMERATOR 



Plot each set of points in (5) on the same grid on the next 
page. Connect the points associated with each set of equivalent 
fractions with a line. Label each line a, b, c, d, or e to rep- 
resent each set. 

aj Order the fractions j, j, J, \ from greatest to least. 

b) Compare the order of the fractions with the plotted lines Jn 
(6). What pattern do you observe? 

c) What is the slope of each line? 

d) If one extended the line through the origin of the graph, 
all lines would pass through the point (0,0). Discuss why 
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division by 0 is undefined. What value would you assign ti 



^? Which equivalence class of fractions Should ^ 



assign to^ 
be in? ' 



Now to see if we can make any inferences about equivalent fractions 
frbm the graphs. , ^ 



Graph for (6) 



20 

19 

18 

17 

16 

15 

14 

13 

a: 12 
o 

g li 
i 10 

o 

S 9 
o 

8 
7 
6 
' 5 
4 
3 
2 
1 



I I I I I I I I I I I I I I I I I I I I ► 



3 4 5 6 7 8 



9 ,10 11 12 13 14 15 16 17' 18 19 20 
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Use a piece of graph paper and draw the "numerator'^ and '^denom- 
inator" axes in such a way that all four quadrants can be used. 
Label the axis to 10 in all directions* 



-r 10 



llll ll ll ll 



-10 



l l lll l l l ll 



10 



-10 

1 2 3 4 ^ 

a) Plot the set of equivalent fractions p 4 » 5 » g • • ^^^^ ^ 
line through these points and extend it into the third quad- 
rant. Does this line pass through (-1,-2)? Is the fraction 

equivalent to the other members of the set? 

b) In a similar fashion (on the same graph) plot the set of 
equivalent fractions -|»-f»-f»"| • ^^^^ ^"^ extend the 
line into the fourth quadrant. List four other points (in 
quadrant 4) and their associated fractions that are equiva- 
lent to the set. 

c) How about the points on the straight line's in between the 

78 1 

points you have plotted? For example, are — ^ and j equiv- 

• 78 

alent? 
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ACTIVITY 21 

ORDER AND DENSITY OF RATIONAL NUMBERS 



FOCUS: 

Children learn early the meaning of "more than" and "less than." As 
elementary school teachers, you should be familiar with some of the 
important topics associated with order properties. This activitiy • 
win consider the following topics: 

• Determining Order 

• The Law of the Trichotoniy 

• Density 

DISCUSSION: 

For any two numbers, you know that one of two conditions must hold. 
That is, either two numbers are equal to each other, or they are not. 
If the two numbers are 7 + 5 and 3x4, they are equal. However, if 
the numbers are ^ and | - j, they are not. 

If two numbers are not equal, an additional alternative exists. 
Either the first is less than. the second, or the first is greater 
than the second. Together, the conditions just described constitute 
the Law of the Trichotomy. 



LAB OF THE TRICHOTOMY 

For any two rational numbers (this includes the 
integers, which include the whole numbers), r and s, 
exactly one of the following conditions must hold: 

i) r < s (r is less than s) 

ii) r = s (r equals s) 

iii) r > s (r is greater than s) 
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WiW the Introduction of the symbolism and the "less than— greater 
than" terminology. It Is necessary to define these expressions. The 
following definition is only for the case when p is less than 9. 
A similar definition can be made for p greater than q. 



The number p is less than the number q (p < q) if 
the>e is some positive number r such that p + r = q. 



DIRECTIONS: 

li Indicate which one of the relationships (<, >, or =) is true for 
the following pairs of numbers. In, the unequal cases, find the 
positive number r which one needs to add to the smaller number 
to get the greater. ^ 

a) 4, 6 b) 



i i 
4' 3 



c) -4, ^ d) 2|, ^ 

2. For the set of whole numbers, it is not difficult to determine 
whether a < b, a = b, or a > b. However, the task is not so 
easy for somfe other elements from the set of rational numbers. 
One approach suggested was that equivalent fractions should be 
found for both numbers be'ing compared, so that the denominators 
will be equal. Using this technique, determine which one of the 
relationships (<, >, or =) is true for the fpllowTng pairs-n)f 
numbers. Again, find the positive number that, must be added to < 
the smaller number to get the larger number. 

' 7 8 K^ 16 4 

r) .i ' d) 4^ ^ 

16» 3 ^ V' 5 

3, Write a general rule that will tell you that g- is less than ^ 
in each of the following three situations. 

a) b is equal to d. 
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b) a is equal to c. 

c) Neither of the above conditions necessarily holds. 
Detennine whether each of -the following is true or false. ^ (An 
expression is true only if it is true in every case.) The let- 
ters p, q, r, and s represent rational numbers. When you 
have answered each expression, compare results with other mem- 
bers of your group. If there are too many here for the time you 
have, choose three or four to do. 



a; IT 


n 


< 




then D + r < a + r. 


b) If 


P 


< 


q. 


then p X r < q X r. 


c) If 


P 


< 


q 


and r f 0, then ^ < J • 


d) If 


P 


< 


q 


and q 1 p, then p = q. 


e) If 


P 


+ 


r 


< q + r, then p < q. 


f) If 


pr 


< 


qr 


, then p < q- 


g) If 


P 


< 


q» 


then if < p. 


h) If 


P 


< 


q 


and q < r, then p < r. 


i) If 


P 


< 


q 


and r < s, then p + r < q + s. 


j) If 


P 


< 


q 


and r < s, then pr < qs. 



The concept of density is concerned with the existence of gaps 
in sets of numbers. A formal definition is as follows. 



A set of numbers is dense if between any two numbers 
of the set there ;js another number of the set. 



The set of rational numbers is dense. To get some feeling 

3 7 

this, consider the numbers ^-and g . 
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3 7 

0 4 8 1 

1 MH 1- 

13 ' 
16 

13 

The number lies between them. 

3 7 

a) Find two other numbers that lie between ^ and ^ • 

11 21 

b) Fin(^ a number between —j- and " "u • 

c) Can you see a way of finding a rational number between any 
two rational numbers? If so, describe it. 

The following are three subsets of the rational numbers. Deter- 
mine whether each is dense. (Remember that between any two num- 
bers in the set there must be another In the set . ) 

the v;hole numbers; 
the integers; 

the rational numbers between 0 and 1. 

the rational numbers whose fractional representations in 

2 4 

lowest - terms have even numerators (for example, y, r> the 
fraction |- does not count since it is j in lowest terms). 

Bacl^to the density of the set of rational numbers: one way to 
show that the rationals are dense is to show that there is a ra- 
tional\umber halfway betweejii any two rational numbers. (The 
way to fVod the number halfway between two numbers is to find 
the averagV 0^ the numbers; that is, ^ ^ ^ is halfway between 
X and y. ) ' \ 

a) Find the r^^tional number halfway .betweien each of the follow- 
ing pairs ofVational numbers. For one pair, actually show 

\ . . . 

•that the- numbeV is halfway. 

'3 2 .3 2. 12 17 

4' 3 • "7* 5 5*8 




b) find a general formula for the number halfway between ^ and 
I . Does it have to be a rational number? Explain. What 
does this say about the density of the rational numbers? 

,8. The concept of density is not difficult for children if it is 
presented using the notion of "between," Outline how you would 
introduce this topic in the elementary schooV classroom. Obtain 
a critique of your lesson frm other members of your group. 



THE GOLDEN SECTION REVISITED 

Greek architects, painters, and sculptors used the ratio of the 
Golden Section to construct a Golden Rectangle. Because this 
rectangle was considered to be esthetically pleasing to the hu- 
man eye, it was used extensively in the construction of build- 
ings and works of art. Using the same property as the Golden 
Section,' the Golden Rectangle was similar to the one pictured 
here; whose dimensions ' a and b have the property that 
a \, b 

a + b ' a' ' ' 



b 



A painting by the twentieth-century arttst Mondriaan, entitled 
"Black, White and Red," has at least^'ne examples of the 
Golden Secti^ft-eir-6o1den Rectangle. 
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ACTIVITY 22 

REVIEWINGjNU^IBER PROPERTIES 



FOCUS: • 

This activity reviews the properties of the set of whole numbers for 
addition, subtraction* multiplication and division. 

DISCUSSION: v 

... • Closure ™' ' 

• Commutativity 

• Associativity 
Distributivi ty 

• Existence of identity 

• Existence of inverses 

are all properties related to operations on a number system. In 
early work with whole numbers, not much emphasis is put on these 
properties. The identities 0 and l^are studied when working with 
addition and multiplication of whole numbers. The commutative prop- 
erty cuts in half the number of basic addition and multiplication 
facts that a child needs to learn. To some extent 'for children^anS 
to a greater extent for you, the properties become more important as 
you try to understand the systems of integers and rational numbers 
and computation with the operations on ttjese systems. This activity 
will help you review the number properties of the system of whole 
numbers, in preparation for your work with properties of the rational 
' numbers in the next activity. You may want to attempt the activity 
before you refer to Appendix B where the number properties are de- 
fined agd explained, 

•DIRECTIONS: 

1. Discuss the meaning of each property listed in the Discussion. 
(Examples are helpful.) 

Id 
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To test your understanding of the six properties listed, above, 
consider each of the following arithmetical statements. Decide 
whether each is true or false;\and for those statements that are 
true, state which property is b^ing illustrated. The lettetf a, 
b. c, and d stand for whole numbfers f and the properties apply ^ 
only to operations within the set\of whole numbers. (Note: A 
statement is false if there is one instance when it is false, 
and is true only if it is always true.) 

' Prcoertv (if true) 



F 

a) (a X b) + c = (b X a) + c 

b) (a X b) + c = c + (a X b) 

c) (a X b) + c = a X (b + c) 

d) (a X b) + c"= (a + c) X (b, + c) 

e) (a X b) X c = (a X c) X (b X c) 

f) (a X b) X c = c X (a X b) . _ 

g) , (a X b) X c = a X (b X c) 

h) (a + b) X c = (a X c) + (h X c) 

i) (a + b) X c = (^t^ ^ ^. - 
j) (a + b) X (c + d)'^b'+,a) x (d + c). 
k) ax (b x|) = a X 1 (b ?i 0) 
1) ' (a V b) f c = a V '(b V c) 

. {b t 0, c ^ 0) 
m) (a - b) + c = a - (b + c) 

n) a x (b- - b). = a X 0/' 

/ 

_cii)a + 0 = a / 
p) a + b is a whole number 
q) a - b is a whole number • 
_2 r) c ^ d is a who^ number (d ^ 
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s) (a T b) X c = (a X c) ^ (b X c) 

(b f 0) 

t) (a + b) V c»= (a T c) + (b - c) 

(c 0) 

3. You have already observed results in this and other jlinits con- 
cerning the properties that are satisifed within the set of 
whole"^ numbers. Summarize these results by checking those prop- 
ertias in the following table that are satisfied for each oper- 
Remember: These apply only for the set of whole nurrtr 



ation. 
bers . 



\ 



Properties of the Set of Whole Numbers 





Addi tion 


Subtraction 


Multiplication 


Division 


Closure 










Commutati vity 










Associativity 










Identity* 










Inverse** 











The distributive property was not included in the previous table 
because two operations are required in order to check that it is„. 
true. Using the four operations given in the table above, list 
those pairs of operations that satisfy the distributive proper^ty 
for elements from the set of whole numbers, and the order in 
which these operations must be distributed. 



\ 



^Hh^re is an identity for the operation. 
**Eacb. element has an inverse for the operation. 
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ACTIVITY 23 . ^ 
EXTENDING THE PROPERTIES TO THE RATIONAL NUMBERS 



FOCUS: 

In the previous activity, you saw that for none of addition, subtrac- 
tion, multiplication, and divii&ion does the set of whole numbers sat- 
isfy all the fallowing propert?ies: closure,, commutativity, associa- 
tivity, distributivity, and tjie existence of identity and inverses. 
This activity will explore those properties that are satisfied by the 
rational numbers for addition and multiplication. Similar considera- 
tion could be given to subtr;action and division. 

/ . ' 

MATERIALS: / 

An elementary school matheftiatics textbook series. 

DIRECTIONS: / 

/ * 

1. For each of the foljlowirig terms, write a definition. The state- 
^,ments are to be triie for rational numbers, but the consistency 
of the subject implies that the Statements will be similar to 
ones you have written earlier. Use mathematics books or other 
units to help you. Also, for each property, find an example of 
it as it' is used in an elementary school textbook. 



Closure, for 
additipn 


Example 


Definition 


Closure for 
multipl icatio 


ni 


Example ^ 


Definition 

/ 




\. / 
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Conmutative 
property 
for addition 



Example 



Definition 



Commutative 
property for 
multiplication 



Example 



Definition 



Associative 
property for 
addition 



Example 



Definition 



Associative 
property for 
multiplication 



Example 



Definition 



Identity element 
for 
addition 



Example 



Definition 



144 



ERiC 



\ 



153 



Identity element 
for 

multiplication 


Example . 


Definition 


Inverse element 
"for 
addi ti on 


Example 


Definition 


Inverse element 
for 

mu 1 LI p 1 icati on 


Example 


Definition 



2. The inverse element in multiplication of rational numbers ex- 
pressed as fractions is also called the reciprocal of the ele- 
ment. What is the inverse e'lement for multiplicati on— or reci- 
procal—for each of the following? 

5 2 ' ^ J 9 
Q. y. and 

3. Check the properties in the following table that are satisfied 
by each operation for the set of rational s. 



Properties of the Set of Rational Numbers 





Addi ti on 


Subtraction 


Multiplication 


Division 


Closure 










Conmutativity 










Associativity 










Identity 










Inverse 











4. Compare the completed table above with the table you constructed 
for the set of whole numbers in the last activity. What addi- 
tional properties are satisfied by the set of rational numbers 
that are not satisfied by the whole numbers? Are there any 
properties that are true for the whole numbers that are not true 
for the rationals? 
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ACTIVITY 24 
GROUPS 



FOCUS: 

The previous activities of this section have shown you some of the 

properties that are satisfied by the set of rational numbers. With* 

the addition properties, the rational numbers form a structure to 

which mathematicians give the special name group . The purpose of 
this activity is to describe a group, and to explore some examples of 
sets and operations on those sets which form groups. 

DISCUSSION: 

From the previous work, you know that the set of rational numbers 
satisfies the following properties: 

• Closure for addition 

• Associativity of addition 

• Existence of additive identity 

• Existence of additive inverse elements for each element. 

With these properties, mathematicians say that the set of rational 
numbers forms a group with respect to addition. Thus, 



For a given operation any set of numbers forms a group 
if the operation is closed and associative , if the set 
possesses an identity element for the operation, and if 
each element of the set has an inverse with respect to 
the identity element and the operation. 



Each of these properties was verified for addition of the rational 
numbers in the previous activity. 
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DIRECTIONS: ' 

1. Using the notion of a group described in the Discussion, decide 
whether each of the following satisfies the four properties nec- 
essary to form a group. 

a) The operation (x) del9hed on elements from the set {O, 1, 2, 
3, 4} by the following table. (To find a 0 b, find a in 
the left column and b in the row across the top; then look 
at the intersection of the a row and b column; for ex- 
ample, 2 (7) 3 = 1.) 



© 


0 


1 . 


2 


3 


4 


0 


0 


0 


0 


0 


0 


1 


0 


1 


2 


3 


4 


2 


0 


2 


4 


1 


3 


3 


0 


3 


1 


4 


2 


4 


0 


4 


3 


2 


1 



b) the whole numbers with the operation of addition; ^ 

c) the whole numbers with the operation of multiplication; 

d) the rational numbers with the operation of addition; 

e) the rational numbers with the operation of multiplication; 

f) the rational numbers (excluding 0) with the operation of 
multiplication; 

g) the rational numbers (excluding 0) with the operation of 
division. 

2. The examples in (1) are all within the realm of mathematics. 
However, there are numerous examples of groups In the world 

1 
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around you.* For each of the following examples, check to see 
whether 1t 1s a group. * \ 

a) light switcfi : Suppose that you consider a switch as having 
two possibilities, switching (S) or leaving alone (L^. 
Thus, a swi tching followed by a leaving alone looks like a 
swltching^a switching followed by a switching looks like a 
leaving alone, etc. Complete the table below and determine 
Vhether the set with the operation " is a group. 



r 


S L 


s 




L 





b) clock: Construct a table on the following page showing \ 
the sum of times on a regular twelve-hour clock. Think of 
the number on the left as the starting time and the number^ 
. along the top as the amount of time added to the starting \ 
time. For example, from this table you see that 
4 ©12 9=1. Does the operation of addition on the clock 
form a group? Which hour acts like the identity for © ? 

3. Sometimes, the operation considered for each set may also be 
commutative. In the case where the operation on the set forms 
a grouD and is also commutative, the set with the operation is 
called a commutative group. Check the groups in exercises (1) 
and (2) td see whether they also form commutative groups. 



*It may surprise you" to know that the concept of "group" is one of 
the powerful unifying ideas in human knowledge. Scientists in the 
social as well as physical sciences have utilized groups for their 
descriptive and predictive power. Mathematicians have long found 
group theory to be a rich area of investigation. 
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®12 


1 
1 


O 
C 


o 


4 


{; 


u 


7 


Q 

u - 


Q 


10 


11 


12 


1 


























0 


























3 
















- 
























11 


12 


1 






: 


5 


























6 



























7 

f 


























8 












2 














9 


























10 


























11 


























12 
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Section IV 



RATIONAL NUMBERS AS DECIMALS 



In Section II, the focus was on rational numbers expressed as frac- 
tions. It was pointed, out that rational numbers could be expressed 
both as fractions and as decimals. This section describes and devel- 
ops some of the key concepts related to the understanding and teach- 
ing of rational numbers expressed as decimals. You should keep in 
mi'n'd that these are the same old rational numbers but are just called 

by different names. 

Decimal notation relates to several concepts that have already 
been presented in the elementary school. Among these relationships 
between decimals and earlier topics are: 

. Extending the numeration system used to express whole numbers to 
a numeration system that expresses rational numbers; 

• Reviewing rational numbers expressed as fractions by converting 
them to decimals using whole-number division techniques; 

• Using the decimal place-value system as a means of explaining 
the struct^e of the metric system of measurement units. 

The study of decimals also provides a natural way to lead from 
the rational numbers to the real numbers (to be developed in Section 
V). 

The decimals, like other mathematical ideas, should be developed 
from real-world settings. Children come to school familiar with some 
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instances of 'decimals. Doll^rs-and-cents notation, gas mi-leage, and 
sports statistics provide natural situations from which more formal 
instruction in decimals can follow. 

On the other hand, as one begins to develop the operations with 
'decimals, particularly multiplication and division, it is important 
that the students have a sufficiently clear understanding of the 
Mathematical Relationships on which to base these operations. It is 
difficult and impractical , if not impossible, to develop an under- 
standing of these operations based on real -world referents in the 
form of Physical Embodiments or Pictorial Representations. 

A consideration which should be kept in mind as yojj study the 
decimals is the probable role of decimals in the schools of the fu- 
ture. The use of the hand calculator in the schools is becoming 
widespread. The calculator will allow pupils to perform calculations 
in many ways different from those they presently use. For example, 
multiplication and division with decimals, which at best is tedious, 
becomes routine. (Helping the pupU understand what he is doing will 

still be important, however.) Presently, if one adds the fractions 
3 1 

^ + g the display on the calculator will be the decimal sum, 0.725, 
rather than ^the fractional sum.* Finally, with the transition to the 
metric measurement system which uses decimal rather than fractional 
notation, there is no question that there will be an increased empha- 
sis on decimals in the schools. 

This section focuses on the decimal system in the following 
ways: as an extension of the whole -number numeration system, as a 
way of expressing rational numbers, as closely related to the struc- 
ture^of the metric system, and as a set of numerals with algorithms. 

Activities 25, 26, and 27 present decimal concepts to you. In 
Activities 28 and 29 attention is given to developing decimal con- 
cepts with children. ^ 




*CalculdtorSTfray be produced at a later date which would also dis 
play fractional notation. 
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MAJOR QUESTIONS 



1. What general technique can be used for converting repeating 
decimals to fractional form? 

2/ Use instances to describe when it is easier to perform opera- 
tions on rational numbers 

a) using decimals ratl^er than fractions, and 

b) using fractions rather than decimals. 



TEACHER TEASER 

The Learning Tower of Pizza is exactly 
100 spaghetti strands tall. A mad 
Italian chef drops a very springy ball of 
lasagna from th^ top of the tower. It 
rebounds to oneAtenth of the height from 
which it falls/ and keeps on bouncing 
indefinitely. CalcHilate how far (in 
spaghetti strands) it travels altogether. 

Hint : Use decimal notation (Italy is a 
metric country) to express the distance 
traveled on e^ch bounce, but give your final answer as a fraction. 




153 



162 



ERIC 



ACTIVITY 25 - 

EXTENDING THE NUMERATION SYSTEM TO DECIMALS 



FOCUS: 

The usual base 10 numeration system that you use to express whole 
numbers is also called the decimal numeration system. Rational num- 
bers can be expressed either in fractional form or in decimal form. - 
The representation of rational numbers as decimals arises quite nat- 
urally and consistently from the study of the numeration system for 
whole numbers. This activity will review this system and show ^iu 
how the system can be extended to express rational numbers. 

DISCUSSION: 

In the development of the decimal numeration system for whole num- 
bers the numeral is often "expanded" to illustfate the structure and 
synmetry of the system. For instance, for the numeral 3217 one can 
use several expanded forms for illustration. 

3000 +200+10+7 
or (3 X 1000) + (2 X 100) + (1 x 10) + 7 x 1 
or (3^x 10"^) + (2 X 10^) + (1 x 10^) + (7 x 10°) 

■ o ' 

Similarly, when emphasizing the structure and symmetry of the numera- 
tion system for rational numbers, it is often useful to "expand" the 
numeral. The following diagram provides an aid for children when 
writing decimals in expanded form. It also aids children in reading 
decimals (which they find to be a b'othersome task). 



EXAMPLE 

Standard Numeral: 3?17.635 ^ 




Expanded Foms: 

a) 3000 + 200 + 10 + 7 + 0.6 + 0.03 + 0.005 

b) (3 X 1000) + (2 X 100') .+ (1 X 10) + (7 X 1) + (6 X 0.1) + 
(3 X 0.01) + (5 X 0.001) 

c) (3 X 1000)-+ (2 X 100) +, (1 X 10) + (7 x 1) + .(6 x ^).+ 
(3 X ^ig) + (5 X 3^) 

,d) (3 X 10^) + (2 X 102).+ (1 X 10^) + (7 x.l0«) + (6, x 10 ) + 
■ (3 X * (5 X 10"^) 

Notice the symmetry about the "ones" place-tens on one side, tenths ^ 
on the other; hun'dreds on,^.gne side, hundnedths on the other, etc. . ' 

» 

DIRECTIONS:. 

1. Write^each of the following numbers in expanded form uting the . 
indicated notation. 

a) 2348.4 (use form (a) above); 

b) 70617 (use form (b)); 

c) 3008.13 (use forift (c)); ' . 

d) 27.006 (use, form (d)) . 

2. For each of the following expansions, write the corresponding 
standard numeral. 

a) three hundred seven and six- tenths. 
' b) (2 X 10^) .+ (6 X 10^) + (7 x 10^) + (2 x 10"^) + (4 x 10"^) 

c) (3 X 10) + (6 X 1) + (8 X ji^) + (9 X ^) 

d) (4 X lo'^) + (7 X 10^) + (2 X 10°) + (3 x lO'^) + (4 x lO""*) 

3. How is each of the following thanged when it is multiplied by 
10? Write the standard numeral. 

a) 32&) 

b) 32.67 
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c) (2 X 10^) + (6 X 10°) + (4 X lO"-^) + (Ax lO"^) 

d) (7 X 10"^) + (3 X 10"^) 

4. Some elementary textbooks simplify ,mul tiplication of whole num- 
bers by 10 by instructing the student to simply annex a zero. 
Using the results of (3) above, what problems arise with ration- 
al numbers in decimal notation when this technique is used? 



The Golden Section Continued 

One example of, the Golden Section lies in the area of music. 
•The composer Bartok is particularly noted for the use of the 
ratio 0.618 in his compositions. 

For example, the first movement of Sonata forVwo Pianos and 
Percussion comprises 443 bars. Thus* its Golden Section, using 
the ratio defined earlier, is approximately 274. An examination 
of the work shows that the recapitulation starts precisely at 
the 274th bar. 

This is not the only example of the use of the Gotten Sectfdn 
in works by Bartok. In Movement I of Contrasts , there afe 93 
bars. Again the recapitulation begins at the bar marking 4fs 
Golden Section. The same thing is observed for the 
Divertimento , and for "From the Diary of a Fly," in Vol. VI of 
Mikrokosmos . 
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ACTIVITY 26 ! 

APPLICATION OF i)ECIMALS: THE METRIC' SYSTEM 



/ 
V 



FOCUS.: • • ■ 

Increasing foreign trade and international travel emphasize the gap 
' between the English system of measure we use and the metric system 
that most of thp wor^d uses. Although Congress declared the metric 
system a legal ^^ystem of measure in 1866, we have not, as a country, 
made much progress in adopting the me trici system. The next ten years 
are likely to bHng considerable attentiO|ii to the metric system of 
units in the sqhools and throughout the country. This activity will / 
explore advantages of the metric system,/ which scientists and technic 
cians have utilized for decades. In particular, a strong analogy be- 
tween our decirrial numeration system anc) the metric system is pre- ji 
sen ted. , / . 

DISCUSSION: / j' ^ 

Th(B metric sysjem is included here b^c^iuse it depends heavily on^the 
structure of the decimal numeration system. That is, the relatibn- 
ships between |he various units of the metnc system rely on the! fact 
that a change from one unit to the iext is accomplished by mult^lpli- 
cation or division by 10. For example, 3 meters can be changed to 
centimeters by |mul tiplying by 100. jTo convert 5.1 milliliters to 
centiliters, one divides 5.1 by 10,lwhich results in 0.51 centi- 
liters. From these examples, one can see that a decimal representa- 
tion allows fori much greater facility in working with metric units 
than with the English units, in which you frequently find yourself , 
dividing and mu!ltiplying by numbers like 3, 12, and 5280. 

The relatlpnships between units ii th^ metric system are easy to 
see because the units' names are formedWrom a root word atid a pre- 
fix. The root word for mass is gram , foY length is meter , and for 
volume is liter .j These root words are co^ribined with the prefixes 

' \ ^ ■ '~ 
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milH- foKthousandth, centi- for hundredth, kilo- for thousand, and 
others less commonly used to form decimal multiples and submultiples 
of the units. 

the chart be'^ow shows the relationship between the prefixes and 
the decimal place values. Note that 
the units place has no entry since 
the root word, meter, liter, or 
gram, is used alone there. The last 
three entries in each column 
indicate the abbreviations that 
are used for the metric units 
for length, mass and volume. 




Place 
Value 


thousands 
10^ 


hundreds 


tens 


units 
10° 


tenths 

10-1 


hundredths 
10-2 


tliousandths 

10-3 


Metric 
Prefix 


kilo- 


hecto- 


deca- 




deci- 


centi- 


mi lli- 


Length 
(meter) 


km 


hm 


dam 


m 


dm 


cm 


mm* 


' Mass 
l(gram) 


kg 


hg 


dag 


g 


dg 


eg 


mg 


•Volume 
(Ifter) 


kl 


hi 


dal 


1 


dl 


cl 


ml 



\ 



DIRECTIONS: 

1. Fill in the cells of the table on the following page; the first 
one is done for you. Note that in the numerals in this table, 
spaces are used to group digits by threes to facilitate reading;^ 

0 
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commas 'dre not used. Thus you see 30 520 mm. An exception is 
made in cases where leaving a space would separate a single 
digit,- e.g. ^ 3052 cm. Furthermore, for measurements less than 1 
unit, a zero\ precedes the decimal point, e.g., 0.13 cm. 



kilometers 


meters 


centimeters 


mi llimeters 


0.030 52 


30.52 


3052 


30 520 


1.3624 










■ 311.67 










7266.7 


U — 



Add the measures and write the sum in the indicatecj form, 
a) 2 km + 13.7 m = km 



mm 
cm 



b) 237.6 cm + 1778 mm = 

c) 3072 m + 471.6 cm = 

Fill in the first blank with an operation and tffe second with 
the appropriate numeral. 

To change 3114.2 mm to meters, V^'^T^^'^*'''''^ the milli- 
meters by ' . 

Fill in the cells. 



kiloliters 


liters 


centi liters 


milliliters 


3.0512 










3.98 










8314.5 




1 
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5. Add the measuPLS and write the sum in the indicated form. 

3.625 kl + 0.03 kl + 4.203 kl = liters 

837 liters + M26 ml + 732 531 ml = kl 

59 372 cl + 602.4 liters = cl 

6. Fill in the first ^blank with an opera- 
tion and the next with the appropriate 
numeral : 

To change 31 114.2 kl to liters, 

the kilol iters by . 

^ I I 




kilograms 


grams 


centigrams 


mi 1 ligrams 








375 124 




7734. 










4440.36 








8. Add the measures and write the sum in the indicated form. 

440 C9 + 37.5 g 9 

345.23 g + 3946.2 g + 0.07 kg = kg 

mg 



439.5 mg + 0.345 g = 

Fin in the first blank with an operation and 
the second with an appropriate numeral. 




To change your weight in grams to kilograms 
your weight by 



10. Two hypothetical approaches to teaching the metric systeirt are 
suggested. One advocates developing the ability to convert from 

the English system to the metric (e.g., 3'4" = cm). The 

second would teach only the metric system. Discuss the advan- 
tages and disadvantages of each approach. Consider alterna- 
tives. 

11. Investigate the use'of metric measures in your community, in- 
cluding services and industries. Prepare a concurring or dis- 
senting view to the claim that we must teach the metric system. 
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ACTIVITY 27 

TERMINATING AND NONTERMINATING DECIMALS 



FOCUS : 

Since decimals and fractions both represent ratior\al numbers, it is 
reasonable to expect some system for converting from the decimal 
representation of a number to a fractional representation and vice 
versa. Certain conversions you alreacjy know, e.g., i to 0.5 and 
0.001 to . In this activity we will deal with a general system 
for conversion. 

DISCUSSION: 

Before considering techniques for converting fractions or decimals it 
will be necessary to describe three terms associated with three forms 
of a decimal . The terms are terminating , repeating , and nonrepeat- 

Terminating decimal designates such decimals as 0.5, 0.25, 0.37, 
0.26118. In each case, the decimal expansion stops or terminates at 
some point. 



A decimal is called terminating if 
its representation does not continue 
indefinitely but stops at some point. 



The other two decimal forms are what you would expect. The second 
form does not terminate, but does repeat as it continues. For ex- 
ample: 0.313131... - 0.313Tand 2.1231231231... = 2.123123 
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A decimal is called repeating if it 
continues indefi>iite1y , but at some 

point begins to repeat/and continues 
to repeat. The portion of the decimal * 

which repeats is indicated by a bar. 



Some examples of this typje of decimal include 0.3T, 0.6F, and 0.77 
which repeat immediately with one digit; 0.2727, 0.414T, and 0.9393, 
which repeat immediately with two digits; and 1.63 J, 0.27676, and 
0.234766^, which repeat after some po'int. 



A decimal is called nonrepeating 
if it continues indefinitely, but 
does not at any point begin to 
repeat a sequence of digits. 



Examples of this type of decimal can also be constructed, but care . 
must be taken that they do not at any point begin to repeat. Thus 
s.ome method for construt^titig them must be devised. The decimals 
listed below do not repeat even though they are formed with a dis- 
cernible pattern. 

' a) 3.101001000100001,.. 

> b) 0.2113111121111112111111112... 

c) 11.606116000611116... 

Can you describe the patterns that were used to construct (a), 
(b)', and (c)? Could you describe a nonrepeating decimal without de- 
scribing such a pattern? Decimals which are nonrepeating represent 
irrational numbers. Irrational numbers will be discussed in Section 
V. We will not consider them further in this activity. 
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Decimals that tenninate or that repeat represent rational num- 
bers, which also have fractional representations. The' fol lowi ng 
exercises will illustrate how to convert fractions to decimals and 
decimals to fractions. You are probably familiar with some of these 
techniques already. 



DIRECTIONS 
1. 



In converting from a fractional representation of a rational 
number to a decimal representation we take advantage of the fact 
that T- = a V b. That is, we divide the denominator of the frac- 

D 

tion into the numerator using the standard division algorithm 

and paying particular attention to the placement of decimal 

points. This process is carried out in detail for the fraction 
2 

7 • 



|- = 2 r 7 = 0.285714285714. 

To see this we carry out the division 

0.285714 
7) 2.000000 
14 

60 , 
56 

40 

35 
50 

' 49 ' 
10 
7 

30 

28 

2 At this point you see 
that you have a division problem that you had previously, name- 
ly 772 . °So you know what will follow is the same as what 
came before, i.e., that digits will repeat. 
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a) Carry out the steps in the divison of 7 into 2 far enough 
to convince yourself that the digits actually do repeats- 
fa^ Convert each of the following fractions to decimal form, and 
decide whether the decimal is terminating, repeating, or 
nonrepeating. 



Fractional form 


Decimal form 


Type of decimal 


2 
9 






8 
11 






7 
8 






4 
18 






<5 
7 







OVTJONAL: In an ^Upnt to iuAtheA Kztcvtz tku dtvi^lon pKoce^^ 
to thd division oi tjohbl^ numboM a6 you hav^ dom It b^f^oKo., m 
pKdMLYVi the, ioZlom^ng ^Kplamtlon. Vou may ok may not ilnd It 
h^lpiul. Mo6t ckildKm matd ^Ind It^ conia^lng . 

0.2 Tkink 0(5 dividing up 2 oK 20 t^ntk& Into 7 

dqaaJi 6eX6. Each 6Zt vooutd contain 2 t^ntki 
and 6 te,ntln!i muld Mmaln. 



2.0 
1 4 
6 



0.2& 
7) 2.00 
1 4 
60 
56 
4 



SimiloAty, tkink o^ dividing up 60 hmdKzdth^ 
^ Into 7 ^qaxl Each 6zt ^^)ould contain 8 

hundKe,dtii6 and 4 hundKe,dth^ mold Kmaln. 
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3.. 



4. 



AnaZyzz thz mxt itzp iti tltL& ixpZanation oi 
thz diviA-Lon 7 -into 2 ai ikmn at thz Z&it. 



0.285 
2.000 
1 4 
"60 
56 

-Jo 

35 
T 



Analysis of the prime fdctors* of the denominators of fractions 
and of powers of ten will provide some insight into which frac- 
tions repeat and which terminate, when written as decimals. 

a) List the prime factok of 10, 100, 1000, 40000. 



b) 



3 3 7 

Zach of the rational numbers 25** 



3 ^5 . 
777, and can be 



40' 16 

' expressed as a terminating decimal. Lis^ the prime factors 
for the denominator in each fraction. 

c) What are the only prime factors that you found in both (a) 
and (b)? What seems to be true concerning prime factors anc 
terminating decimals? 

d) Can you see a relationship between the number of times a 
given prime is repeated in the prime factorization of the 
denominator and the number of places in the decimal equiva- 
lent of the fraction? What is it? 

To convert a terminating decimal-=to a fraction, we'use the num- 
eration properties discussed irr Activity 25.' Use the following 
example as^a mgdel , and change each decimal below to a fraction. 



Converting a Terminating Decimal'to a Fraction 
The decimal 0.625 can be written as (6 x yg-) + (2 x -j^) + 5 x 



1 



1000 



6 2 5 

"'^ To * iM * 1000 



or 



•600 



20 



• 5 



625 



1000 1000 



1000 1000 
5 

desired, this fraction can be simplified to obtain g-. 



If 



*The prime factorization of a number is the number expressed as a 
product of primes. For example, the prime factorization of 12 is 
2x2x3. The prime factorization of 56 is 2 x 2 x 2 x 7; the prime 
factorization of 56 is not 8x7 since 8 is not prime. 
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a) 0.3y 



b) 2.167 

c) 17.40&. 

5. Check to see whether the results of (4) are consistent with 

___tliQ5B---^#-(3:) . 

6. To convert.a repeating decimal tpa fraction requires a little 
more algebraic sophistication. However, the technique can be 
summarized *as rgulti plication --of the original number once or 
tyiice to obtain equivalent decimal portions in the resulting 
products. This process, followed by a subtraction and then a 
division, results in the fraction form. The two examples below 
illustrate this process. 



Converting a Nonterminat^g Repeating Dec imal to a Fraction 



" Example 1 
X = 0.7777 

Mujitiply 

l.\ lOx = 7.777 . 

\ 



SubtVact 

2. lOx - X = 7.777 
0.7777 
\ or 
9x = 7 
Divide 



3. X 



i 7 



Example 2 
X := 0.21333 
Multiply I 

1. lOOx = 21.331 

and; 

lOOOx - 213,333 
Subtract 

2. lOOOx ^-i lOOx = 213.333 

21.333 

or 

900x =^ 192 
Divide 



3. X 



192 . li 
*900 ^ 75 
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Note that in Step 1 (Multiply) of the procedure illustrated on 
the previous page one multiplies by powers of 10 so th$t after 
the subtraction^ :process only an integer. will remain. / 

Use this procedure to convert each: of the followinq,/decimals to 
fractions. Show your work. ^ 

a) 0.666 ^ ' b) 3.12444' 



c) ^.VSIZl . d) 0.9999 



e) 0.4999 . f) 0.8131313 



7. After you have completed each of the four previous exercises 
compare the answers that you obtained with those of other mem- 
bers of your group. Resolve any differences. ^ 

8. Each rational number can be expressed as a decimal so that the 
decimal terminates or repeats. For example, ^ = 0.25 and g- = 

- 0.125 represent rational numbers which terminate* while y = 
\ 0.333 and |- = 0.1666 are repeating decimals^ Certain rational 
numbers which form repeating decimals have interesting relation- 
ships. 

Consider the rational numbers whose denominator is 11, 

i..e., ~ ly . Complete th'e table on^the following 

page by finding that portion of the rational nuntber which re- 
peats when written in decimal form. 

f 
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n 

11 


UeLI Ilia f 

forin 


1 

11 


' 0.09 


2 




11 




3 




11 




4 

11 


0.36"' 


5 




11 




6 




11 




7 




11 




8 




11 




9 

11 


0.81 


10 




11 






a) What patterns do J^ou observe? 

b) If you know some of the expansions in the table abdye,»how 
can you predict others? 

c) QfJmplete a similar table for rational numbers with 7 as the- 
denominator. 

d) /Do you observe the same patterns? Are there additional ob- 
/ servations you can make? 

e) What other rational numbers would you expect have those 
properties that were observed for 7 and 11? ^ 



/ 
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ACTIVITY 28 

INTRODUCING DECIMALS TO CHILDREN 



I 

FOCUS: 

Now that your skill with decimal representation of rational numbers 
has been strengthened, it is time to "consider presenting decimals to 

children. In this activity you will liave a chance to consider some \ 

\ ' ■ ^ 

physical embodiments of decimals. 

MATERIALS: 

Oienes multibase arithmetic blocks In base ten; play money including 
centST— d4ffl%s-^dollar bills, ten-dollar bills, and 6ne-hundred~dollar 
bills (suggested for children). 

•." 

DIRECTIONS: . 

L Children will already have had (by the time you get to decimal 
representation of rational numbers) considerable experience with 
decimal representation of who\e numbers. You should be sure 
that they understand, for example, that 

• 435 = 4 X 100 + 3 X 10 + 5 X 1. 
4 hundreds is also 40 tens, 

• 10 X 37 is 10 times 7 ones plus 10 times 3, tens. • 

Briefly outline some questions and activities that you might use 
to determine whether a child has grasped and remembers these 
concepts and to help teach or remind a child of these concepts. 
(You may want to bring In the use of such materials as multibase 
arithmetic blocks and the abacus.) 

2. In their initial work with rational numbers, children learn that 
rational numbers can represent parts of a whole. Base 10 multi- 
base arithmetic olocks (MAB) provide a good physical embodiment 
for this part-whole relationship that leads nicely to decimal 

_ 170 



representations. THe children will have several blocks ,\ flats_, 
1 oncjs , and units wheire | 

, io flats are eqMivalent to 1 t^lock, 
10 longs av*e equivalent to 1 flat. 
10 units are equivalent to 1 long. 

If ihe block is treatk as 1, then the flat is 0.1, the long^isj 
0.01, ^ni the unit is O.OOl. j 




□ 

0.001 
unit 



^a) Treating the block as 1, give an equivalent representation 

which u^^s as few pieces as possible and then write the 

decimal that each of the following combinations of MAB rep- 
resents" 





□ □ □ □ 

□ □ □ □ 

□ □ □ 
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Equivalent Representation: 



Decimal Numeral : 













/ 




/ 





□ □ □ □ 
a □ □ □ 

□ □ □ □ 
a □ □ 



Equivalent Representation: 



Decimal Numeral : 



b) For each of the following decimals, represent the decimal 
with your MAB and then record your representation in the 
space provided in the table on the following page. 
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Blocks 


■ Flats 


Lonqs / 


Units 


2.301 


CD CD 


□ □□ 






'0.007 










0.123 










3.041 











c) Outline tr.e steps -you might take a child through to use MAB 
to represent rational numbers and then finally iu represent 
the rational! numbers as decimals. 

3. All children who come to school have some experience with money. 
By the time that they are ready for the study of decimal rep- 
resentation of rational numbers, most children have had con- 
siderable experience with money, coins in particular. It would 
be a shame not to take advantage of that experience. 

a) Outline how you might use money to introduce decimal rep- 
resentations of rational numbers, 

b) In what ways (other than money) does the decftnal system 
enter into the child's everyday life? 
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ACTIVITY 29 

ADDITION AND SUBTRACTION WITH DECIMALS 



FOCUS: 

Once children have the concept of the decimal representation of a ra- 
tional number in mind, they can be introduced to addition and sub- 
traction with decimals. In this activity you will go throug)i such an 
introduction in a way tl^at parallels a possible child developm^t. 

MATERIALS: 

Dienes multibase arithmetic blocks (MAB) in base ten. 
DIRECTIONS: 

1. Children will already have encountered the concept of addition 
of rational numbers in terms of combining embodiments of those 
numbers, and the concept of subtraction of ration- 
al numbers in terms of taking a portion of the 
embodiment of a number away. Use your MAB to 
embO(ty each of the following addition statements. 
Then record your embodiment in the^place pror 
vided. For the answer, record a. second (equivalent) embodiment 
which uses the smallest possible number ofpieces. 




EXAMPLE 



Statemen-t 



Embodiment 





Blocks 


Flats 


Longs 


Units 


1.8 


1 


8 






+ 1.4 


1 


4 






Totals 


2 


12 






Answer (after exchange) 


3 


2 







er|c 



is 
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statement 



Embodiment 



2.301 
+ 1.189 


Blocks 


Flats 


Longs 


Units 


















Totals 








0 


Ansv/er (after exchange) 












3.713 
+ 0.405 


Blocks 


Flats ■ 


Longs 


Units 


















Totals 










Answer (after exchange) 











^2. In thj&'^ub tract ion process one often has to rename a number in 
order to be able to subtract. The term "borrowing," which is 
often used to describe this process, is particularly descriptive 
when subtraction is being embodied using MAB. You are to embody 
the subtraction statements below as you did the addition ones in 
(1). Record the borrowing act when it is necessary. , 



statement 



Embodiment 





Blocks ^ 


Flats 


Longs 


Units 


2.8 










- 1.7 










Totals ^ 










Answer (after exchange) 








.. .. 
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\ 

\ 







Embodiment 






Blocks 


Flats 


Longs 


Units 


2.301 










^ - 1 lap 










Totals 










Answer (after exchange) 








ft 






Blocks 


Flats 


Longs 


Units 


0.34 










- 0.24 










Totals . 










, Answer (after exchange) 


« 









3. A step after embodying statements with MAB is to represent prob- 
lems as follows 



1 



represents 



1.3 

+ 2^ 
3.9 



2 


4 


3 


2 


4 


3 


1 


7 


5 


1 


7 


5 


3 


11 


8 


■> 4 


\ 


8 



2.43 

represents + 1 .75 
4.18 
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a) . Represent each of the statements in (1) above according to 

this sqheme. 

b) Represent^ each of the statements in (2) above according to 
this scheme. 

4. One of the difficulties children have in adding or subtracting 
with decimals is in adding tens to tens, j ^ 

ones to ones, tenths to tenths, etc. 2'S4 
What techniques could you suggest to jO,(p9 
help children avoid errors similar J>^S 
to that shown at the right? I^^^l 

5. How would you explain to children that 0.35, 0.350, and 0.350000 
have the same value? ^ 

6. List several real-world applications that you might use to help 
motivate addition and subtraction with decimals. 

7\ a) How are addition and subtraction with decimals like addition 
and subtraction of whole numbers? 

b) How are they different? 

c) What specific difficulties do you think children have in 
acldition and subtraction with decimals? 

8. For each of the following real-world problems, write a mathemat- 
ical "sentence that will help you solve the problem. Jhen find 
the solution. 

a) In 1904, Henry Ford set a land speed record of 147.01 kilo- 
meters per hour. In 1964, Arfons set a Tand speed 
record of 863.57 km/hr. How much faster was Arfons' speed 
than Ford's? 

b) The highest outdoor elir temperature ever recorded at 
Indianapolis is 41.7° C; the lowest is -31.6° C. What is the 
difference between these two extreme temperatures? 
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c) The world's tallest manmade structure is the tower of tele- 
vision station KTHI in North Dakota. Its top is 0.625 km 
aMe sea level. The world' § deepest oil well fs in Becfchan^^ 
County, California; it is 9.16 km deep. What is the differ- 
ence between these extremes? , 

Write a real-world problem that could be represented by each: of 
the following examples. 

a) 12.116 + 125.4 + 6.005 

fc?) 173.45 - 12.266 

cV 2133.4 + 4.77 + (-63.411) 
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ACTIVITY 30 

MULTIPLICATION WITH DECIMALS 



FOCUS: 

In this activity you will have an opportunity to study some proce- 
dures and algorithms 'for multiplication with decimals. 

DISCUSSION: 

The teaching of multiplication of rational numbers represented as 
decimals presents some prdblems- because there is not a good concrete 
embodiment or pictorial representation on which to base introductory 
work. So we will rely^on Mathematical Relations. As always, it is 
important to relate a new concept to appropriate earlier learnings of 
the child. In this c^se, the multiplication of decimals can be re- 
lated to the multiplication of fractions with denominators equal to 
powers of 10. using the following steps: 

a) writing decimals as fractions; 

b) mu Iti pi ying[ with fractions;. 

c) using the pattern for multiplyi'ng and dividing t^* 
10 (or powers of 10) to convert back to a decimal. 



'It is important for you to analyze the steps involved in multiplving 
wit^ decimals. 

DIRECTIONS: 

1. Discuss each of the indicated steps shown on the following page 
for the multiplication problem: 

3.78 X 0.21 
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a) Write the problem as the 3 0.21 = x ^ 
product of two fractions. 

X 

b) Multiply, using the algo- ^ ^^^^ 

rithm for multiplying = TOOOO 

with fractions. " ^ 

■ . V 

c) Write the resulting frac- = 0.7938 
tion as a decimal . 

Each of the above subskills (a), (b), and (c), should be prac- 
ticed by children. The following will provide examples appro- 
priate for such a development. 

a) Write the following in fractional form. 

2.5 X 0.36 3.02 x 0.5 6.27 x 0.317 

b) Multiply the fractions from (a), using the algorithm for 
multiplying with fractions. 

c) Write each resulting fraction as a decimal (use dividing by 
10 and powers of 10). 

Use the procedure described above to multiply the following 
pairs 9f decimals. Make sure each step that you use is clear. ' 

a) 15.23 X 3.6 / b) 2.004 x 0.05 

State a rule for dividing by 10 or powers of 10. 



i 



After the children have had experience with the Jhrge-_step pro-, 
cess described above, ask them to find a pattern and state a 
rule for the placement af the decimal point. Remember that 
learning a rule by rote and not with understanding may result in 
their inability to reconstruct the rule later if they forget it. 
Study the following examples and the answers. Find the pattern 
and state the rule. 
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EXAMPLES 

U 


i ANSWERS 

^ h 


a) 15.28 , • 
X 3.5 , 


" 53.480 


b) l'^04 
X 0.23 


0.27692 ' 




395.2 



"In multiplyjing two decimals-one can locate the place for the 
decimal point in the product 'by 



Do the following multiplication problems by performing* whole- 
number multiplications, and then using your rule in (5) to lo- 
cate the decimal point. 

23.9 . ^ 0.2134 * \ T ■ 13.4 

X L03 X 32>1 * X 0.021 
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ACTIVITY 31 

OIVrSION WITH DECIMALS 



FOCUS: * 

In this activity you will have afi opportunity to study s^ome proce- 
dures and algori'thms for division with decimals. 

DISCUSSION: " ^ 

Division with decimals represents the same difficulty in teaching as 
muUi plication does, because of the fact that there is not an appro- 
priate physical or pictorial model to motivate this learMng. One 
can, as with multiplication of decimals, provide a careful develop- 
ment to help the ct^ld gain insight and understanding ofdivision 
with 4ecima1s by basing jhe procedure on previous learnings: . 
a) writing a decimal as a fraction. 



b) dividing with fractions, 

c) converting a fraction fo a decimal by dividing. 



• Three approaches to explaining div.ision\ith decimals are pre- 
sented Study an of tihem to determine which of them you would pre- 
fer to use. Perhaps yqu will not feel any is appropriate for you and 
win wish to explore ollher techniques or methods; you are encouraged 
to do so. It ^ay be wdrth noting that children win already have 
been introduced to the concept of division oj rational numbers, as ^ 
wen as to computations' involving division of fractions._^ 



DIRECTIONS:—. .1 - •. ^ 

1. Study and jl'fscuss leach of the procedures below and complete the 
exercises that follow. - • 



Method A 



EXAMPLE 
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1) Write the division example as a fraction. 
2.5) 1.72 



1.72 
2.9 



2) Multiply by 1 ygg*) using an appropriate power of 10. » 

• ^ hll y M - iZi ' 

\ '2.5^100 " 250 

3) Convert the fractf™ to ar decimal by dividirig. 

: • ' i 

Note : The pupils should be advised as to the required' pre 
cision of th^ answer. In th la case the answer "comes^oat 
even" at the thousandths place^i;e., tffe decimal is a ter 



minating one. 



^ 0.688 
250) 172.000 
150 0 
22 00 
iO 00 
2 000 



Use Method A to sol ve^ the following examples (to. the nearest 
thousandth). 

/ 



3.4) 0.07 
Method B 



0.051 1-23 



6.77173 



EXAMPLE 2.5) 1.72 

1) Write the example in sentence form. 

• 2.5) 1.72 1.72 T 2.5 

2) Hrite each-decimal as a fraction. 

.' . 1-72^' 2.5 =i-g^f 



< ■ ~ 

3) Div1<Je, using the fractions. 



. I 



172 ^ 25 _ 172 ^ 10. 
,__iUU_^10 " 100 ^ 25 

1720 
I ' 2500 



:4» 
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4)* Convert the fraction to a decimal by dividing. 

0.688 
2500) 1720.000 
, 1500 0 / 
220 00 
2 00 00 
"20 000 

Use Method B to solve -the following examples (to the nearest 
thousandth). j> 
3.4) 0.07 0.05l"T723 6.71~!l1 

Method C (short method) 

Jhis method is similar to Method A except that the divisor and 
dividend are multiplied by a multiple of 10 determined by the 
number of decimal places in the divisor. For example 

- 2.5) 1.72 becomes 25) 17.2 * 

f 

Each is multiplied (mentally) by 10 since 2.5 has only one 
decimal place. The usual technique for showing this method is: 

2,.§rT;i2 

1) Place arrows in appropriate places to show the resulting 
division using Method C. Give ^he multiple^f 10 by which 
you. mentally multiplied the divisor and dividend. 

Multiple of 10 

a) 0.317) 2.8679 ^ — 

b) J3. 5) 678.5 

c) o.onlTO 

2) Solve the following using Method C. 

a) 6.7) 5.219 

b) 7.841 61.72" 

c) 0.17) 34.68 
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study the exercises which/ you have completed. Suppose you did 
each division example as /if there were no decimal point. Iden- 
tify a pattern and a rule that would tell you where the decimal 
point should be placed in your answer. 

Make a list of prerequisite skills that pupils must have to 
perform the computations above. What seem to be the advantages 
and disadvantages of Methods A, B, and C? 

In the example 0.0256 t 1.6, each of the steps shown below can 
be justified mathematically. For each of the steps provide a 
justification. 

. 0 .0256 , 0.0256 ^10 
1.6^ 1.6 ^10 



b) 



0.0256 0.256 
1.6 16 



c) 5-—- = 0.016 

Discuss: Should estimation be used in the teaching of multipli- 
cation and division with decimals? Give examples to support 
your position. • 

For each of the following real -world problems, write a mathemat- 
ical sentence that will help you solve the problem. Then find 
the solution. 

a) The circumference of the earth is about 2500 miles. Using 
3.14 as an approximation for tt find the diameter of the 
earth. 

b) The average annual rainfall at Miami is 59.76 inches. The 
average annual rainfall at Rene is 7.2 inches. How many 
times as much rain as Reno does Miami get? 

c) A stack of one million one-dollar bills is approximately 
3750 inches thick. How tall U a stack of one thousand one- 
dollar bills? One hundred? 
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7. Write a real-world problem that 
the following examples. 

. a) 12.45 ^ 1.5 

b) -3.445 f 0.5 



could be represented by each of - 



A Decimal Approximation for the Golden Section 

Earlier in this unit, - page 58, it was stated that the Golden 
Section (Golden Rectangle) can be approximated using ratios of 
successive numbers in the Fibonacci sequence. Now that you 
know that each rational number can be represented as a decimal , 
find a ^cimal approximation to the Golden Section which is 
correct to at least three decimal places. 

Can you think of a physical object which most college students 
might sometime use and which is an approximation to the Golden 
Rectangle? 
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ACTIVITY 32 

ANALYSIS OF ERROR PATTERNS FOR DECIMALS 



FOCUS: 

The analysis of pupil errors is one task that an elementary school 
teacher must continually perform. This activity will illustrate 
some of the common errors made by pupils when solving arithmetic 
problems involving decimals. An opportunity will also be provided 
for you to recommend some techniques for correcting these errors. 

DIRECTIONS: 

1.. Read each worksheet included in this activity and briefly sunina- 
rize the error pattern that you observed for each child. 

2. Answer problems G) and H) making the same error that the child 
nfight make, as evidenced by the error pattern you observed. 




3. List at least two possible causes for the error pattern noted on 
each worksheet. 



4. Give a couple of questions that you might ask a 'child, to help 
you get to the source of the problem. 

5. Recommend some immediate activities that might be used to assi'St- 
the child in'^seeing that an error has been made or in preventing 
the error from recurring. 



0 




'WORKSHKT I • 

NAME CBVUJL^ 



A) ^-Z 4 3.0(p= 3.^T Aa.H 35.5 



Error Pattern Noted: 



Diagnosis of Possible Causes : 



Possible Remedial Steps : 
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WORKSHEET II 

NAME 



- .22 - 2g-7 

. /.Z55 -254 52 



1^ 

\^ Error Pattern Noted : 



Diagnosis of Possible Causes ; 



t 



Possible Remedial Steps : 
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WORKSHEET III 
NAME 





Errcr Pattern Noted: 



Diagnosis of Possible Causes : 
Possible Remedial Steps; 
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A) 



15. X 



/30 . 
60 

342 
342 



WORKSHEET IV ' 
NAME 

B) 

.42.lT»o4.a. 
^4 

E) 

, $4:2 

542 



c) 



F) 



11.5 riiib 



G) 



H) 



Error Pattern Noted: 



Diagnosis of Possible Causes : 



Possible Remedial Steps : 
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Section V 



TH^ REAL NUMBER SYSTEM 



In Section IV, rational numbers were expressed by using a decimal 
numeration system. For example, the fraction | was written using the 
terminating decimal 0.375 and the fraction | was written using the 
repeating decimal 0.666 or 0.666. Using the strategy described 
there, we can write every rational number in one of those two fx)rms; 
and every decimal of tiose forms represents a rational number. 

Examining the different types of decimals suggests that there ^ 
may exist some numbers that do not belong to the set of rational num- 
^ber^. For eKaraple,. qIoW^^^^ does not terminate and does 

not repeat, is one such decimal. The numbers which can be represent- 
ed by nonterminating, nonrepeating decimals are called irrational 
numbers. The irrational numbers are not typically included in the 
elementary school curriculum, but appear in most junior high school 
textbooks, so ^ou should at least be familiar with them. 



Rational 



Irrational 



Real 



' Combining the set of irrational numbers with the set of rational 
'nuntoers gives yet a new set of numbers, called the real numbers. . 



\ 
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Thus, any real number must belong to one of two sets, the rationals 
or the irrationals. ThHs section will pirovide a brief ir^troduction 
to the sfet'Of real numbers. 

Singe we have already studied rational numbers, the focus of 
this section will be on irrational numbers. Remember that real num- 
bers include the rationals as well as the irrationals. 

Historically, the existence of irrational numbers has been 
known since the time of the Greeks. Tlie Pyt'hagorean school is cred-: 
ited with the discovery; but the irrsBtioiglJty of v^, for example, 
was difficult for many Greek mathematicians to accepbt— even the 
Pythagoreans themselves^ They assumed that everything depended on 
the whole numbers, and had evolved a theory of proportion which was 
limited to magnitudes having a common unit of measure. The discovery 
of the irrationality of imposed a threat to this theoretical struc- 
ture, SjD for some time the Pythagoreans attempted to keep the exis- 
tence of irrational numbers secret. Members were threatened wi^h 
death for disclosing information about these new numbers. 

By 370'b.C., *the "scandal" was resolved by a pupil of Plato, 
Eudoxus, who devised a new definition of proportion^ His handling of 
the-rfirrationals appears in the fifth book of Euclid's Elements and is 
similar to' that of the mathematician Dedekind who, in 1872, gave the 
first rigorous and modern description of the set of real numbers^, < 

At that time, mathematicians were seeking a way to provide a 
solid foundation for the new mathematics that was being developed. 
To accomplish this task, it was necessary to formally define the set 
of irrational numbers. It is interesting to note that this formal 
definition of the set of irrational numbers and, consequently, of the 
set of real numbers occurred only 100 years ago. 

The description of irrational numbers given in this section will 
be informal and intuitive, not formal and rigorous. 

^ «• 

MAJOR QUESTIONS \ _1 . 

1. Give three different instances that would prevent us from think- 
ing that all numbers are rational. " 

194 
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Find some instances where irrational numbers are introduced in 
the elementary school. Describe how you might develop one such 
instance. 

Write a paragraph describing the' relationships among the fol\ow 
ing sets of numbers: wholes,- rational s, reals, integers, 
irrationals. 
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ACTIVITY 33 
IRRATIONAL NUMBERS 



FOCUS: . • . . 

This activity introduces irrational numbers and different ways of 
representing them. 

MATERIALS: ' . 

Ruler and geoboard or dot paper. . 

DISCUSSION: . ' * . . , 

Two ways that one can recognize the need for irrational numbers 'are: 

^ by lopking at the decimal numeration system, 
by analyzing ce^^tain geometric objeci^. 

Le;t's pursue' th^se. ' . 

DIRECTIONS: . % 

1. a) 0.121221^22122221... is a nonrepeating decimal. 'Explain how 

you can tell . , . 

b) Write two more npjirepeating decimals. 

c) Can these nonrepeating decimals represent rational numbers? 
,J|What' do you know about the decimal representation of a ra- 
tional number?) 

^ ' .:> . \ ^ 

2. OVTIONAL: Le^ sequence >^j, ^s' "' ^^^^^^ ^^^^ -fk 

0 = 0.12 . ^ ' ^ 

' - 0.1212 
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Thz yumbeM ^2'- ^3' \* ^y*- a/iz cM AxvUomZ' nmbeM/> . 
Hoto can you teZt? 



Ka* ^r, ..- cLnd tkz inAotionat nmbeA 
K ^ 0J2J22J222JZZZZ.J... 



dzi^md in J (a) ? 

c) ExpZdin {A}k<vt one might mzan by j>cifinQ thtvt K^, Ky 
/i^, ... conveAQQ^ to [TKy Koughly picta/Ung K^, 

A.^, ... Wid K Oh a numboA JUm.) Thu l6 an zxamplz oi a 

* 6zquzncz OjJ ^tationaJL nmboM that conue^eA to an AJtAotional 

numfacA. ' ' \ ' 

\ 

Geometric objects like right triangles and circles were thoV 
oughly studied by the Greek mathematicians who preceded Euclid-^ 
It was in analyzing these objects that they discovered the fact\ 
that rational numbers were not enough . You should recall that, 
using the Pythagorean Theorem, it is possible to find the length 
of the third side of a right triangle, given the lengths of the ^ 
other two sides. For triangle ABC pictured below, with sides 
a, b, and c, the Pythagorean Theorem states that: 




a) Use the Pythagorean Theorem to 
find the length of the third 
side of the triangle on the 
right. 



b = 4 
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^-^^ b) How about this one? 




a = 1 

c) List three more pairs of integers for a and b that do 
not yield integer values for c. 



Fact : If a whole number is not a perfect square,* its 
square root is an irrational number. For example, 

v^, y^, v^, v^, /n, /r, v^. ^ 

are all irrational numbers. This can be proved. We won't 
do i t here. 

d) Briefly discuss the quandary that the results of questions 
(a), (b), and (c) presented to the Pythagoreans, who felt 
that an of geometry could be accomplished using rational 
numbers. (To refresh your memory about the Pythagoreans, 
you may want to reread the introduction to Section V.) 

4. a) Two constructions of irrational numbers are shown below. 

Choose either Figure A or Figure B and briefly describe how 
the lengths v^, are constructed. 



*The whole number n is a perfect square if there is a whole number 
m so that m^ = n. Examples of perfect squares are 1, 4. 9, -16, 
25 , • • • 
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0 1 ^ ,^ 

Figure A 




Figure B 

b) Using the same technique, construct y/B and ^ on each dia- 
gram. 

5. Rational and irrational lengths can be represented on dot paper 
(or on a geoboard). See how many of the following numbers can 
be represented using this technique. 

^, ^, ^, v^. v^'. ^ 

has been constructed in the illustration below. 
1 
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Fact: 




The circumference (C) of a circle is the distance around it and 
the diameter (D) is the greatest distance across. Surprising- 

r 

ly, the ratfo is the same for every circle. The constant 
yalur of that ratio is* the irrational nuTiber which we call "pi" 
(Tiy. You have seen this fact expressed as 

dr C = ttD. 



It is possible, but difficult, to prove that tt is irrational. 
The first six digits of the (nonrepeating) decimal representa- 
tion of TT are 3.14159... tt has been computed to thousands of 
decimal places using electronic computers. 



TT is developed more thoroughly in the Measurement unit of the Mathe- 
matics-Methods Program. 
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ACTIVITY 34^ 

RATIONAL APPROXIMATIONS OF IRRATIONAL NUMBERS 



FOCUS: 

In this activity a procedure will be developed for finding rational 
numbers that are close to the irrational number *^ where the whole 
number n is not a perfect square. 

DISCUSSION: 

As a point of departure, recall that the square root of a number a 
is that number 7i which when multiplied by itself gives a. Thu§ 
the square root of 25 is 5 since 5'x 5 = 25. We write = 5. 
Similarly, VTF = 4 and /ITT - 11. What isV7? It is not a rational 
number. But whatever it is, we know that /T x /T ^ 7 . 

. Mt is often inconvenient to use irrational numbers. For ex- 
ample, if one wished to know the sum or product of 5 and v7 the an- 
swer 5 + or S}/T does not lend much insight into the magnitude of 
the answer. It is often more conven^ient to use a rational approxima- 
tion of the irrational number. For example, if one uses the approxi- 
mation 

/F^ 2.449490,* 
then 5 + 1^ 7.449490 
and S/T ^ 12.247450. 

(Note that each of the decimals on the right is terminating, so that 
it represents a rational number.) 

At one time, teaching children to find rati onaf approximations 
to the square root of a number was considered an important process 
in school. Today it is not considered an important skill since one 
can use a table of such values (found in many books) or, better yet, 



*The "wiggly" equals sign means "approximately equals." 
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use a hand calculator.- The procedure below for finding square root 
values, however, is important in that it gives some insight into the 
technique of finding successively closer approximations to a number. 
The emphasis in this activity, then, is on the approximation process 
rather than on the skill involved in finding square roots. 

DIRECTIONS: 

The example below presents one strategy for finding the square root 
of a number. Study the procedure and use it to find the square roots 
in the exercises that follow, (Do not use a table of square roots or 
a hand calculator!) 

EXAMPLE 

David wanted to find a decimal approximation of /IT to the nearest 
thousandth. He made an initial estimate of 3.5 since he reasoned 
that 



so 



3 < /n < 4. 



David divided 

^^3.14 

So David concluded that 
3.14 < < 3.5. 



/5 


m 

1 


M 






3 


? 


■ 4 






m 


M 

\-*- 


-H— 1^ — 

3 3.14 


H 1 

? 3.5 


4 



(This is reasonable because: 3. M***^-^ so 3.14 x 3.5 « 11. But 

vTro= 11, so 3.14 must be too small and 3.5 too large.) David 
chooses an estimate halfway between 3.14 and 3.5: 

3a4_p^.3.32 
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David divides 11 by his new 
estimate: 



11 



«f3.31 




3.32 

Again he reasons that 

3.31 < /rr < 3.32 

(You supply the argument this 
time.) David's new estimate 
is 

3.315 

After dividing, he decides 
that 

3.315 < vTl < 3.318. 
Another estimate (halfway between 3.315 and 3.318) is 3.3165. After 
dividing 11 by 3.3165, therefore, he finds: 

3.3165,< /IT < 3.3167 

Since these estimates agree in the thousandths place, David decided 
that he could choose either one and round it off to the nearest thou- 
sandth. So David's estimate to the nearest thousandth was 3.317. He 
wrote /rr ^3.317. 




1. Give the arjgument that David would have used to conclude that 
3.3165 < vTT < 3.3167. 

2. You know that = 3 and /YS =4. 

a) Which is greater, ^ or /lU? 

b) The ✓TO' is between the integers and . 



0' 
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3. For each irrational number below find the perfect squares and 
the two integers between which the irrational number lies. 





Irrati onal 
number 


Perfect 
squares 


' Integer 
pai rs 






4 and 9 


2 and 3 


a) 








b) 









4. Use the averaging technique to find an approximate decimal 

equivalent (correct to the nearest hundredth) for the following 

irrational numbers. 

a) ^ . b) ^ 
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ACTIVITY 35 

THE REALS: THE COMPLETE NUMBER SYSTEM 



FOCUS: 

The integers have additive inverses while the whole numbers do not. 
The rational numbers contributed multiplicative inverses to our list 
of number properties. In this activity^^v^e.will see that the real 
numbers do have a property called completeness which the rational 
numbers lack. You will find that the property is a little subtle. 

DISCUSSION: < 

In Activity 33 we saw that the sequence 

=0.1 
= 0.12 
• • =0.121 . 

= 0.1212 ' - 

= 0.12122 

■ \ , ' 

converges (gets nearer and nearer) to the irrational number 
r = 0.121221222122221... That is, the sequence r^, r^, r^, 
re ... of rational numbers zeroes in on (converges to) the target 
r which is not a rational number. 

In Activity 34 we had two sequences of rational numbers 

3.14 3/5 
^131^ ' 3.'32' 
V.315 3.318 
V.3165 3.3167' 
VtT^ - 

which zeroed in on the irrational target number 
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^ Can you see the shortcoming of the rational number system? It 
has these sequences that are zeroing in on a missing target. There 
are holes! The rational numbers lack comeleteness. The real numbers 
have completeness in the sense that every sequence of real numbers 
that is zeroing in on a target will find the target in the real num- 
ber system. 

DIRECTIONS: 

1. 'For the sequence r^, rg, rj, r^, r^; ... and for the rational 

sequence converging to /IT, draw a magnified number line that 
pictures the sequences zeroing in on (converging to) their 
• respective target numbers r and 

2. Find two more sequences of rational numbers that are converging 
to a target which is not in the rational number system. What 
number does each converge to? 

3. = 0.921221222122221... 
$2 = 0.191221222122221... 
$3 = 0.129221222122221... 

= 0.121921222122221... 
Sg = 0.121291222122221... 
Sg = 0.121229222122221... 

= 0.121221922122221... 
Sg = 0.121221292122221... 
Sg = 0.121221229122221... 
, S^Q= 0.121221222922221... 



a) Compare this sequence with r^, rg. ^3. ^4. ''s' ••• 
Describe how S^, Sg, S3, S^, Sg, Sg, S^, Sg, Sg, S^q, ... 
was created. 

b) Are the numbers in the sequence rational or irrational? 
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c) Compute - 



^3 - ^3 



d) What target is S^, Sg. S3, ... zeroing in on? 

e) Explain how all of this illustrates the statement that every 
sequence of real numbers which zeroes in on a target will 
find that target in the real numbers. How does this ex- 
ample differ from the examples in (1) and (2)? 

OVTIONAL: Hqaz U a tAlcky om ioK you. Vg^ yoa tkink thut 
a Azqazncz OjJ WuvUoYWit^mmbzAM zt^otid oyi a toAQzt, that 
tcuiget iwuid bz inAcvUoml? Thz ayi6voeA l6 "wo." ap to you 

to ilnd a 4>zqumiz oi InAotioyial mmbi^ that zeAoe^ In on a 
natLoYUxl target. 
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ACTIVITY 36 

CARDINALITY OF THE RATIONAL NUMBERS 



rocus ; «- 

The cardinality of a set refers to how large it is, i^e., to how many 
objects are in it. As new sets of numbers are introduced,; it is in- 
teresting to investigate the>r relative size. In this activity you 
will have an opportunity to investigate the relative sizes of the set 
of whole numbers, the set of integers, the^set of rational numbers, 
"^amj/ the set of real numbers. 

DISCUSSION: 

The cardinality of a set refers to the number of objects in the set. 
For example, the cardinality of the set A 

A = {1, 5, 7, 9^ -11} ^ 

is 6, because A contains 6 objects. We tell "how many" in a set by 
putting the objects in one-to-one correspondence with the counting 
numbers. That*s what counting is! ' ^ 

{1, 3. 5, 7, 9, 11} 

\u\n ■ 

{!;, 2. 3. 4, 5. 6, 7. ...} 
Simi 1 arly^ the cardinality of the set B is 10 since 
B = {2, 5, 7. 12. 29, 37, 45. 59, 73. 88} 

{1. 2. 3. 4. 5, ,6. 7, 8. 9. 10, 11. ...} 

Although the examples , given above represent finite sets, we are going 
to be intecested here ^^^^-sets which -^ontaii^xifi infinite number of 
elements. Some examples of infinite sets„include the counting num- 
bers, the even numbers, the multiples of three, the integers, and the 
rational pumbers. The rule for determining whether two infinite sets 
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havie' the tame cardinality is the same as for finite sets. That is, 
for all. sets, we say: * 



Two sets" of dbjects have the same cardinalUy if there 
is a one-to-one correspondence between their objects. 



Each of the finite sets below has different cardinality, 
{a, b, c} 

{a, b, c, d} • ^ 

{a, b, c, d, e} 

You might guess that the set N of counting numbers and the set of 
even numbers have different cardinality, since the set of counting' 
numbers properly contains the even numbers. 

N = {1. 2, 3, 4, 5, ^. 7, 8, ...} 

Yet these sets have the same cardinality ! To show this, we must show 
tfiat there is a one-to-one correspondence between the two sets. That 
is, we must show a relationship between N and which relates each 
element of N to one element of and each element of to one ele- 
ment of N. The arrows bfelow graphically illustrate a one-to-one 
correspondence between N and N^. 

N = {1, 2, 3, 4, 5, 6, 7, 8, ...} 

n t,t t t n , 

N^= {2, 4, 6, 8, 10, 12, 14, 16, ...} 
" This illustration that N and have the same cardinal number should 
• tip you off that analysis of infinite sets may produce some weird and 
unexpected results. 

DIRECTIONS: 

1. Describe verbally a one-to-one correspondence between N and N^. 
Try to describe a general rule for relating the numbers of one 
• set to those in the other. • 
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Describe graphically and verbally a one-to-one correspondence 
between each of the folTowtng sets and the set of counting num- 
ber/, to show that each has the same cardinality as the set of 

cojj.nting numbers. * . 

^ . ^ ■, * . 

a) the odd numbers, 

b) the multiples of 3i 

c) .the multiples of 10. * 

Rather than drawing or verbally 'descnhJng a one-to-one corre- 
spondence we can usually write algebraic equation which asso- 
ciates the elements between the two sets in question. For ex- 
ample, one function which describes the one-to-ope correspon- 
dence between the set of counting numbers and the even numbers, 
is ^ . - 

% . • y ^ 2'x 

where, x is .a counting number and y is an even number. Thus, 
if X = 1, then y is 2; if x is 6.^ then y is 12; etc. ^ 
For^eaql) of the sets in (2). wHte an equation, that describes 
the one-to-one correspondence between tfiose sets and the set of 
counting numbers. « ^ ^ 

By now ypu should not be too surprised to learn that N and I 
(the integers) also have the same cardinality. See if you can 
come up with a one-to-one correspondence. • 
In order to compare the counting numbers and the set of rational 
numbers, it is first necessary tb display the nonnegative ra- 
tional numbers in some manner so that all of them are included. 
One way is pictured on the next page. Stijdy the display to.con- 
yince yourself that all rational numbers are represented. (Note 
that each rational number appears more than once.) 
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n 
u 

T 


1 

1 . 


0 

1 


3 


4 

T 


5 
1 
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1 
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4 
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5 
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3 
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3 
3 


4 
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5 
3 


6 

3 


4 


1 
4 


2 

/T 


3 
4 


4 
4 


5 
4 


' . ?> 6 
4 


0 
5 


1 
5 


2 
5 


3 
5 


4 
5 


5 
5 




0 
6 


1 
6 


2 
6 


3 
6 


, 4 
6 







»1t 



Can you suggest a way to show a correspondence between the set 
of counting numbers, and the set of rational numbers? 
If you were not successful in finding a technique for describing' 
-the correspondence, consider the pattern shown below for a por- 
tion of th§ display.. ; 



1 

0 
2 



1 




0 

4 . 4 
M 
0 
5 



3 

■'1 
2 
3 




211 



•219 



That is, 

1 2 3 4 ... 

t r { 

Oil 

T T 2 • 

a) Continue the list above by indicating which rati on^il numbers 
are related to 4, 5, 6, 7, 8, and 9. 

b) This gives a one-to-one correspondence between N and the 
nonnegative rational numbers. Can you figure out a corre- 
sponderice between N and all of the rationaV number^? (Look 
for an analogy with the correspondence between N and I.) 

c) What does all of this say about the cardinality of N and I? 

OVTIONAU By now you may ^aApect that att Inilifiitd 6eX^ 
hava tka 4cwne candlmLvty cu W. ThU Jj, not t/iu<i, HoAd m mZt 
pKovldd you vo.\A:h tha 4>tzp6 neceA^oAi/ to 6how that thoAd OA^ in- 
iiyUta mth dLiiioxant caAdlnaJUXy. It mU ba up to you 
to analyze what we havt dont. 

Let S ^^tand iofi tha o^ ojU kqjxI mmboJU butwa^n 0 and 1 
voho4>(£ ddcUmal zxpan^ion^ contain only 0*6 and J '4. Fo/t example, 

,7777... 

.0707 

'.770077... 

and many yumbeJU^ both Hjotlonat and vovoutlonal that oAd diUlcutt 
to do^cJUb^ aAt aU In S. Suppo^^ that thu iolZowing Is ami 
om-to-om coMAe^pondzncz between S and N ^ 
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OrfieAe 4p ^3' ^n' - * * ^ ^^^^ ^' ^^i^^ ^. 
Kzal mmbvi x voho^z dacAmal cowtaln^ and V4> {i.e.., a mein- 

faeA oi S) 06 ^oJUomi 

{Q tht iAA^t digit In 6^ Is 1 
1 ii thz iviMt dLqit In Is 0, 
Tht 4eco|t£f dijQit In x Is 

{0 ii thz ^zcoYvi dAjQit in 1 
f.i^ thz Jszcond dAjQit ^' 
Tht tIruAd dAjQit in X Is 

fOii thz thind digit in is 1 
1 1 ii thz tkOid 'dUjQlt in is Q. 
a] U X in S? Explain. 

fa) U X tqual to any oi thz wrnnfam, 4p ^I'T^I^-"' 
, ExpJbxxn. 

c) \i3hat dots aJU this 4>ay about thz coAdinalUy M and S? 
OVTJONAi: tUe (7) to ^hovo that thz kqaI mmboM do not havz tha 
Aomt caAdiyiatUy as thz covDntinq numbaxs. . 
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ACTIVITY 37 

COMPARING NUMBER SYSTEMS 



FOCUS: 

Tfrmighout this unit, several number systems have been discussed. 
Each oTtR^eJias grown out of a set of numbers already studied. 
This activity wiTr^^tve.Jnsight into the relationships among these 
sets of numbers. ^ 

DIRECTIONS: 

L • For each of the numbers in the chart below, indicate whether it 
belongs'to the set of whole numbers, integers, rational numbers, 
irrational numbers, or rejul numbers. 





Wholies ^ 


-integers 


Rational s 


Irrationals 


Reals 


-5 












-A 












17 












147 
3 












-/IT 












-0,432 


r 












0 




























2- Determine wh< 
member that 


ither each of the following is true or false. Re- 
1 statement J s true only if it is always true. 
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a) Every whole number is a (an) 

^ integer. 

rational nunfcer. 

irrational number. 

real number. 



b) ' Every integer is a (an) 

whole number. 

rational number. 

irrational number. 

real number. ^ 



c) Every rational number is a (an) 



whole number, 
integer. 

irrational number, 
real number. 



d) . Every irrational number is a (an) 

whole number 

integer, 

rational number. 

real number. 

e) Every real number is a (an) 

whole number. 

integer. 

rational number. 

irrational number. 
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APPENDIX A 

SELF-TEST ANSWERS (ACTIVITY 6) 



Part A:. Common Fractions 



1. 


5 
7 


2. 


2 (or 


4, 




o 2 
3. or 


4. 




5. 


45 
28 


1^ 
^28 




^- 48 


?: 


^or ^ 
40 °^ 10 


8. 


5 
7 






9. 7 


10. 


13 
8 


11. 


^or 


1 

■2 




24 

12., for 


13. 


m = 4; n = 21 




14. 


P = 


15 




15. 


d, a, b, e, c 




16. 


(a) 


2 
3 


(b) 1^ (c) 15 



17. 
19. 

21. 

23. 

25. 

27. 

29. 



(a) 21 (b) 24 (c) 12 



«3 „ ' 135 
33^ or — 

J, 
6 



18.' (a) 2 (b)" 7 (c) 72 



20. 




22. 




24. 


26 
49 


26. 


197 „^ n5_ 

"24- or 


28. 


-115 o„ ill 

60 °^ hz^ 


30. 


-102 or .i3I 
65 "'^ ^65 



Part B : Decimals 

1. 1.5617 

4. 109 

7. -100.25 
10. 49.87 



2. 0.6490 

5. 100 

8. -28.368 

11. -18.12 



3. 52.533 

6. e, c, a, b, d 

9. -12.63893 

12. -50.85 
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13. 0.02369 14. 1465 15. 0.375 

16. .2.333 17. 0.18T8... 18. ^ 

19. I . 20. II 
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APPENDIX B 

THE PROPERTIES OF NUMBER SYSTEMS 



DISCUSSION: 

The properties of number systems are associated with the words: 

• closure • identity 

• ^commutative • inverse — 

• associative • distributive 

The different ways that these properties are used in teaching, 
learning, and doing mathematics loosely correspond to different 
stages in their historicaV evolution. 

The concepts of the counting numbers, such as 1, 2, 3 and so on, 
arose naturally in the life of primitive humans. One would even have 
to imagine that the primitive hunter knew that killing one beast and 
then two more would yield thf same amount of meat as killing two and 
then one more. It seems most doubtful, however, that the concept of 
commutativity was formally understood. Wouldn*t you also guess that 
the hunter knew that if he killed no more, he had no more? We do 
know on the other hand that the formal idea of zero (or additive 
identity) was a long time coming. 

As number systems have become more developed and more sophisti- 
cated, more properties have been observed and more have been needed. 
Typically, a property is" observed to be true for one set of numbers 
and then it is used as a part of the definition of a new (usually 
larger) set of numbers. 

In learning basic facts such as 2 + 3 = 5 or 2 x 3 =6, children 
c«n observe the commutativity of + and x. The facts that 
a + b = b + a and a X b = b X a cut the number of basic facts to be 
learned exactly in half. Whenever "a child adds 2 + 3 + 4, he must 
use some form of the associative law. Usually the child will add 2 
and 3 and then 4, or 3 and 4 and then 2. In this case, the child is 
using the fact that (a + b) + c = a + (b + c), even though a teacher 
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might feel that making a point of the associative property would only 
confuse the child. 

Another way the basic properties are useful is in explaining why 
certain algorithms work the way they do. For example, the multipli- 
cative identity is used to explain why one inverts and multiplies 
when dividing fractions. In more advanced number work and for adult 
understanding, many of the rules and formulas that are taught to 
children intuitively and by analogy can be explained precisely in 
tenns of the basic number properties. / 

A more sophisticated and probably much more important fact about 
the basic number properties is that Jthey are the roots from which 
much of the power of abstract mathematics grows. Abstract systems 
that are the objects of study in mathematics are usually defined 
using properties that .are selections from» or modifications' of, the 
basic number properties (see, e.g.. Activity 24 on Groups). These 
systems help to uncover many similarities in apparently dissimilar 
situations, thus giving insight into the structure of phenomena in 
the universe. 

We will now list each of the six basic number properties and 
"Will provide: 

a) a general statement of the property. 

b) examples to convey the meaning of the property 

c) a statement of when it does and does not hold. 
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The Closure Property 

'a) This property has to be defined by a specific operation on 
a specific set of numbers. A set is closed under an opera- 
tion if . whenever two numbars in the set are combined by the 
operation, a number in the set results. 

b) The whole numbers are closed under + since the sum of any 
two whole numbers is a whole number. The whole numbers are 
not closed under . since 2 ^ 3 is not a whole number even 
though 2 and 3 are. 



c) 





+ 




X 




Whole numbers 


Yes 


No 


Yes 


No 


Integers 


Yes 


Yes 


Yes 


No 


Rational numbers 


Yes 


Yes 


Yes 


Yes* 


Real numbers 


Yes 


Yes 


Yes 


Yes 



The above table indi°cates which sets of numbers are closed 
under which operations. 

The Commutative Property* * 

a) a + b = b + a (Commutative property for addition) 

a X b = b X a (Coimutative property for multiplication) 

7 + 16 = 23 = 16 + 7 



b) 



39 X 751 = 29,289 = 751 x 39 

-2 . 3 _ = 3 ^. (4) 
3 * 5 ' T5 5 ''y 



3 X (-2) = -6 = (-2) X 3 

*Actuany, the rational numbers excluding 0 are closed under i. 

**The properties from 2 on are generally ^scussed only for + 
since - and ^ can be defined In terms of + ^qd x and their inverses 
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c) The commutative property holds for addition and multiplica- 
tion on all sets of real numbers. The commutative property - 
does not hold for subtraction or division except in very ^ 
special ca^es. / 

the Associativig Property 

a) (a + b) + G = a + (b + c) 
(a X b) X c = a X (b X c) 

b) (21 + 3) + 7 = 24 + 7 = 31 
21 + (3 + 7) = 21 + 10 = 31 
(-3 X 2) X 5 = -6 X 5 = -30 
(-3) X (2 X 5) = -3 X 10 = -30 

c) Addition^and multiplication are associative on all sets of 
numbers. (Subtraction and division are not associative on 
any sets of numbers that are of interest to us.) 

The Identity Property 

a) 0+a = a + 0 = a for each a 

(0 is called the additive identity) 

lxa = axl-a .for each a ^ 
(1 is called the multiplicative identity) 

b) 0 + 2391 = 2391 + 0 = 2391 
lx|=fxl=| 

c) 0 acts as additive identity for any set of numbers that con- 
tains 0, and 1 acts as multiplicative identity for any set 
of numbers that contains 1. 

The Inverse Property 

a)^ This property must be discussed relative to a set. A set is 
said to have the additive inverse property if for each . a 
in the set, there is a b in the set so that 
a + b b + = 0. The multiplicative inverse property ' 



requires that, for each^^j^ 0) in the set, there is a b 
in the set so that a x b = b x a = 1.; 
b) The integers , have the additive inverse property, e.g.. 
3 + (-3) = (-3) + 3 = 0, (-71) + 71 = 71 + (-71) = 0. The 
integers do not have the .multiplicative inverse property 
since 3 X b = 1 cannot happen if b is an integer. The 
rational numbers do, however, have the multiplicative 
inverse property since, if. b is a nonzero rational number 
is* a rational number and bx^=g-xb=l. 





Additive Inverse 
Property 


Multiplicative 
Inverse Property 


Whole numbers 


No 


No 


Integers 


Yes 


No 


Rational numbers 


Yes 


Yes 


Real numbers 


Yes 


Yes 



. The Distributive Property 

a) a X (b + c) = (a X b) + (a X c) 

^ b) 7 X (5 + -3) = (7 X 5).+ (7 x (-3))'' 
^ 35 + (-21) 
= 14 

. c) The distributive property holds oa any set that is closed 
under + and x. 

. Summary Table 

The' following table summarizes the applicability of the six 
basic number properties to the four number systems we have 
' studied. - 
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V 





0) 

i- 

3 
l/> 
O 

^- x' 


+ 

commutativlty- 


associativity 


•M 
C 
(U 

-o 

+ ' X 


./ 

(U 

s- 

(U 

> 
c 

+ X 


distributivity 
of X over + 


Whole numbers 


Yes 


Ye's 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


No 


No 


Yes 


Integers ^ 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


"No 


Yes 


Rational numbers 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes 


Real numbers 


Yes 


Yes 


Yes 


Yes 


Yes 


Yes' 


Yes 


Yes 


Yes 


Yes 


Yes 



D 




0 
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APPENDIX C e - ^ 

SKILL BUIj-DER EXeRCISES 

DIRECTIONS: * ' ' \ 

Do these computations. Give your answers in simplest form, 
your work. 

Exercise 1: Mtxed Prattice with' Fractions 



1 1 + 7 - 


2. 


3 3 _ 

4 8 " 


3. 4X4 


4. 


2 . 4 _ 

3 • 5 " 


5. 3 X j4 


6. 


7 3. 
10 " 10 " 


1 ? 


8. 


3 . 1 




10. 


3^1 = 


11 = 


12. 


44 = 


13. 1 X 1^ = 


14. 


5 3 _ 

6 ■ 8 ' 


15. w4 = 


16. 


1 *x 


17. l5--| = 


18. 


i| 4 = 


19. 1 V 6 = 

« 


20. 


ll 2 ^ 

^4 • 3 


Exercise 2: Addition of 


Fractions 


t 


1. 4 + l7 


2. 


2 + i= • 

3 5 


, 1 + 7 - 
3. ^+9.- 


4. 


5- . 7 _ 
18" 


R 1 X 1 + 1 - 


6. 


i + l = 

6 8 


7. 1^+21 + ^ = 


8. 


if = 


3 '4 *3 
^- 8 6 10 


Ip. 


2 + 4 + 6 
.3*57 
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Exercise 3*^: « Subtract ion of Fractions 



1 5.3, 
/• 8 8 


2. 


5 1.. 
5 ■ 3 ' 


, 5 3 
' 6 ' 4 " 


4, 


1 -,1 - 
T ^9 " 


5: 8 " f " 


6, 


2 . ii = 




8. 




^- 36 W 


10. 


10 13 _ 
21 " 28 " 


Exercise'4: Multiplication of Fractions 


2 4 
1. 4 X 


2. 


12x| = 


3 ^xi = 


4. 


15 20 _ ■ 

16 ^ 21 " 


i; 2 ^ 3 ^ 5 _ 
3. 3 X ^-.x g - 


6. 


9ixl|-=. 


7- 2|'x 3| = 


,8. 


4x7| = 


9. ll|x 12| = 


10. 


4x 4x 3-^ 


Exerctse 5: "Division of 


Fractions 




1 5 . 1 _ 


2. 


5 5 _ 

6 ^ 12 . 


^- U 6 ' 


4. 


3 = 

5 


5. 6 T |- = 


6. 


2— V 3 = 


'• 3 2 


■8. 


'3 • "^5 


.9. 4iviiV=-^ ^ 


. 10- 


li- . 3I = 

^16 • -^2 


Exercise 6: Addition and Subtraction of Decimals 


1. 0.3 + 0.75 = 


2. 


2.87 - 1.6 ^ 


3. 0.0048 + 0.0109 = 


4. 


1 - 0.00005 = 


5.-i^45 - 9.672 


6. 


7.238 + 0.09 
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7. 2.3-0.008= - 8. 1.34+21.091= 

9. 2.9093 + 1.1907 " . 10. 12.472 - 8.79 

Exercise 7 ; Multiplication of Decimals 
1. ' 0.3 X 0.2 = 2. 1.2 X 0.08 

3. 20 X 0.15 = • \ 4. 27.8 x 2.2 = 

5, 39.5 X 8.64 = 6. 1.02 x 3.5 = 

7. 120x0.09= ' 8. 0.0017x0.058.= 

17.25 X 4.4 = 10. 800 x 0.0014 = 

E xercise 8 : Division of Decimals " ] ' 

l.:;22C."l2^T 4 = ' 2. 88.2^4.2 = 

3. 4.263 V 0.21. = 4. 0.8 ^ 0.16 = 

5. 3.9 ^ 0.03 = 6. 6 0.15 =' 

7. 0.0012 T 0.2 = , 8. 0.009 ^ 20 = 

9. 199.823 V 2.47 = 10. 449,55^0.185= 

Exercise 9 : Percentages 

1. What fraction in simplest form lowest terms) is equivalent to 

44%? ■ ; 

2. Write ^ as a percentage. 

3. What percent of 50 is 40? 

4. What percent of 40 is 50? 

5. What is 45% of 125? ' ' ' 

6. How much sales tax (at 4%) do you pay when buying a $3,500 car? 

7. What is 0.1% of one million dollars? 

8. How much do you pay for a $42.95 article that is on sale for i5% 
off? 

9. The wholesale price of an item is $'8.40. If the markup is 30%, 
what is the retail price? 



227 

234 



10. What was the percentage of decrease when the speed limit was 

lowered from 70 mph to 55 mph? (Give your answer correct to the 
nearest tenth of a percent.) 



Exercise 10: Mixed^ Practice with Rational Numbers 





^8 4' 3 




2. 


(3| + |) - 3| = 






12 ^9 3' •• 




4. 


(14) 4 = 

^8 4' 5 




5. 


7 /2 ^ Ix 
¥^(.3*6)=' 


- 


c 

D. 


7 ^2^3' 




7. 






8. 


1 . 5 
(lix3|).2| 




9. 






10. 


(^xi)Mfx 




11. 


Find 2j% of 22- 




12. 


(85% of 40) + ! 


.1 

'2 - 


13. 


Find 421 of 28.3 




. 14. 


(17.4 - 0.05) 


^ 0.347 = 


15. 


(0.82 X 24.1) V 1 


205 = 


16. 


(93.7 + 2.38) 


i 0.08 = 


17. 


(0.036 V 40) V 90 




■18. 


(36 V 0.009) V 


0.4 = 


19. 


(35% of 15) V |- = 




20. 


3? X (3f . 7|) 


«4 = 



i 
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REQUIRED MATERIALS 



ACTIVITY 


AUDIO-VISUAL AND OTHER RESOURCES 


MANIPULATIVE AIDS 


1 


Slide-tape: "Overview of Rational 
Numbers with Integers and Reals," 
cassette recorder and projector. 
(Optional) 

/ 




3 


Elementary school mathematics 
textbook series 




4 




Reaper and scissors, spinners, 
counters or chips 






Cuisenaire rods or strips of graph 
paper, paper shapes, six alike and 
six unalikPi objects, yarn or 

c ^ V* 1 nn 
o Li I iiy 


10 




Paper, strips of paper, compass, 
protractor 




0. 

Elementary school mathematics text- 
book, series 


Cuisenaire rods or strips of 
graph paper 


15 


Elementary school mathematics text- 
book series 
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ACTIVITY 


AUDIO-VISUAL AND OTHER RESOURCES 


MANIPULATIVE AIDS 


20 




Ruler, graph paper 


23 


Elementary school mathematics text- 
book series 




28 




Dienes multibase arithmetic blocks 
in base ten 


29 




Dienes multibase arithmetic blocks 
in base ten 


33 




Ruler and geoboard or dot paper 
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This unit integrates the content and methods components of 
the mathematical training of prospective elementary school 
teachers. It focuses on an area of mathematics content and on. 
the methods of teaching that content to children. The format 
of the unit promotes a small-group, activity approach to learn- 
ing. The titles of other units are Numeratton, Addition and 
SubmcUon, Multiplication and Division, Awareness Geometry, 
Transformational Geometiy, Analysis of Shapes, Measurement, 
Gmphs: The Picturing of Information, Number Theory, Probability 
and Statistics, and Experiences in Problem Solving. 
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